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THE PROBLEM OF THE BALANCE OF PAYMENTS* 
By I. F. PEARCE 


A REVIEWER of Professor J. E. Meade’s massive work, The Theory 
of International Economic Policy, has commented that since every- 
thing is fully worked out therein, we should now be spared the large 
number of articles we might otherwise have had to read. The present 
writer is sufficiently in sympathy with all that is implied by this 
observation to have hesitated before preparing for publication a paper 
on a subject which Professor Meade has treated. On the other hand, 
intermittent manipulation over the past few years of a six-good model 
which is in some ways more sophisticated than that upon which 
Professor Meade’s argument is based has led to the conviction that 
there is still something worthwhile to be said. 

This model, introduced below, is designed to show what precisely is 
required to correct an adverse trade balance when there exists a class 
of goods excluded from trade by tariffs and transport costs, given 
that full en.ployment is to be maintained continuously both at home 
and abroad. The formal results obtained are not recognizably equiv- 
alent to those given by Professor Meade,’ primarily because Professor 
Meade makes use of an unusual and somewhat complicated definition 
of elasticity of supply. This point is further explained below. A 
more conventional definition yields results which, although still complex, 
are a great deal simpler and more readily interpretable than Professor 
Meade’s. Greater simplicity makes it possible to introduce more 
realistic assumptions to the point where almost everything which has 
been said about the problem can be summarized in three algebraic 
formulas. In particular, the model allows for some home production 
of the class of goods imported, a feature which permits us without 
absurdity to define two trading countries as one country (small) and 


* Manuscript received May 16, 1960, revised August 24, 1960. 
1 J. E. Meade, The Balance of Payments: Mathematical Supplement (London: Oxford 
University Press, 1951), Table X, p. 156. 
1 








2 I. F. PEARCE 


the rest of the world. The so-called ‘‘elasticity’’ and ‘‘absorption’” 
approaches are fully integrated. 

One must also recognize that, despite a great deal of discussion, 
there still remains considerable apparent disagreement on some points. 
Professor Machlup, for example, has recently listed’ no less than 
fifteen papers and books written between 1945 and 1955, each of which 
seems to reverse the conclusions set out in its immediate predecessor. 
The model below is sufficiently general to include as special cases many 
of those referred to by Professor Machlup. Seemingly conflicting 
arguments can thus be reconciled. 

Again, results obtained suggest that although most effort seems so 
far to have been directed towards discovering what change in the 
real terms of trade must be achieved to correct a trade deficit, this 
is probably of less importance than the need to reduce the price of 
non-traded goods relative to traded goods in general. Explicit for- 
mulas for all necessary relative price changes reveal this clearly. 
Indeed, it may well be that currency depreciation succeeds in practice 
more because it decreases the price of non-traded goods relatively 
than because it affects the real terms of trade. 

Finally, it is emphasized that a rise in import prices and a cut in 
export prices can never by itself reduce real consumption sufficiently 
to correct a trade deficit, as long as full employment is to be main- 
tained. There must be a cut in spending approximately equal in real 
terms to the original trade deficit in addition to the real terms of 
trade effect. 

Part 1 of this paper is introductory. Its purpose is solely to clear 
up certain ambiguities of terminology and objectives. In Part 2a 
simplified model is developed for the purpose of exposition only. The 
fully general results are obtained in Part 3. This section may be 
omitted by readers not interested in proofs. In Part 4 results are 
restated so as to show the successive effects of the introduction of 
more realistic assumptions. Qualitative conclusions are drawn and 
implications discussed. 


1. TERMINOLOGY AND OBJECTIVES 


Relative or absolute approach? In setting up a model to illustrate 
the economic effects of any kind of policy change there is always one 


2 S. S. Alexander, “Effects of a Devaluation on a Trade Balance,’’ International 
Monetary Fund Staff Papers, Vol. Il (1951-52), pp. 263-78. 

* F. Machlup, ‘““The Terms-of-trade Effects of Devaluation upon Real Income and the 
Balance of Trade,’’ Kyklos, Vol. IX (1956). 
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important choice to be made. Either some one good must be taken 
as a numéraire, in which case all prices are relative and expenditure 
is measured in units of the numéraire, or the absolute change in at 
least one variable must be specified beforehand. This follows because, 
on the most usual assumptions, doubling all prices and expenditures 
has no effect upon the real situation. There is always a unique real 
equilibrium, but an infinity of possible equilibria in terms of absolute 
prices. 

In the international trade context this problem becomes especially 
important, for it means that the effect of a currency depreciation can 
always be offset, or more than offset, by a general inflation or defla- 
tion in one or other country. Moreover, any policy designed to correct 
a balance of payments deficit is precisely the policy which calls for 
some change in overall consumption. And where a situation demands 
both a general consumption cut and relative price changes everywhere, 
the very notion of inflation and deflation becomes ambiguous. The 
precise meaning of a statement like ‘‘the effect of currency deprecia- 
tion on the balance of payments’’ is far from obvious. Such an 
‘‘effect’’ will be different according to the measure of inflation which 
is assumed to accompany the depreciation and will be different again 
according to the definition of ‘‘inflation’’ chosen. 

In most models it has been usual to assume that in fact one price 
will remain fixed—usually the price of exportables. Where there exists 
a class of goods excluded from trade, this is clearly unsatisfactory. 
Alternatively, Professor Meade has chosen the apparently more attrac- 
tive assumption that it is the money wage rate which does in fact 
‘remain constant when currency is depreciated. In this connection it 
is important that we should understand two things. 

First, for reasons given above, it is clear that if we are looking at 
an algebraic formula measuring the effect of some policy expressed 
in absolute terms (say currency depreciation), then the form of that 
formula depends precisely on the arbitrary choice of price to be kept 
constant. There are an infinity of possible formulas which energetic 
students of economics might devise. For any one of these to be of 
use to the policy maker it must be assumed either: 

(a) That monetary and fiscal policy can be applied with a very 
remarkable degree of finesse, and that the price to be held 
constant can be unambiguously defined and identified in practice 
or, 

(b). That the formula presented is derived from a very complex 
dynamic model with a high dezree of plausibility, so that the 
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precise order of, and time lags in, successive price adjustments 
are known for a certainty. 

The second point to be made is that in a general static model there 
is no real case for any one price to be preferred as an anchor rather 
than another. The attractive fixed money wages assumption demands, 
unfortunately, the further assumption that only one homogeneous factor 
of production exists, namely labor. Even if this were realistic, it 
would still appear doubtful to assume that wage rates will remain 
constant where, as part of the working of the model, labor is supposed 
to be attracted from one use to another by a price mechanism. 

It need hardly be stressed also that in the real world we do observe 
workers in export industries gaining or losing in relation to others. 
It is easy to show on theoretical grounds that the magnitude of these 
changes cannot be assumed to be insignificant in relation to the rela- 
tive commodity price changes in which we are interested. There is 
more than one kind of labor and more than one factor of production. 

On the other hand, any one of the infinity of possible formulas 
expressed in absolute terms is easily converted into a unique state- 
ment in relative price terms. For example, Professor Meade’s formula 
(t), doc. cit., for the effect of depreciation on the trade balance divided 
by the corresponding formuia (v) for its effect on the real terms of 
trade at once yields a further formula which can be interpreted as 
the effect on the trade balance of a change in the real terms of trade. 
Our plea is simply that, given our present state of knowledge, it is 
only in this relative form that any formula can be used. Since this 
is so, any numéraire will do. To attempt to find a result in absolute 
terms is asking too much of our techniques. 

Accordingly, we shall, in what follows, confine ourselves to state- 
ments of the following kind: ‘‘If the balance of payments is to be 
improved we require (a) a certain adjustment in the real terms of 
trade, (b) a certain adjustment in the ratio of prices of traded and 
non-traded goods in both countries, and (c) an adjustment of so and 
so much in overall consumption in each country.’’ The symbols for 
prices and income represent money prices and money incomes, ut 
they appear finally only in ratio form. 

The question of how exactly the required adjustments are to be 
attained is a difficult problem in dynamic economics which is hardly 
touched upon. Fortunately, where there is an infinity of possible 
solutions all giving the same real solution, there is equally an infinity 
of possible policy combinations which might achieve the desired result. 
Once the static solution is known, trial and error methods, applied in 
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the iight of that knowledge, stand a good chance ¢! success. We 
comment very briefly upon the part which currency depreciation might 
play in the process. 

The absorption problem. It is a fundamental assumption of what 
follows that total demand is always equal to total supply both before 
and after any policy change. By ‘‘total’’ we mean foreign and home 
together. All that we imply by this is that in any period in which 
we observe a trade deficit the price of every product is such that the 
world market is just, but only just, cleared. The consequence is that 
the identity 


Consumption + Irvestment = Production + Imports — Exports 


holds at all times in all countries. If imports do not equal exports, 
so that a trade deficit exists, this must be financed by a movement 
abroad of exchange reserves. Because total demand everywhere 
equals total supply, the situation is one of equilibrium. No economic 
mechanism will operate to change it as long as no action is taken to 
check the outflow of reserves. To discover what action is needed to 
check such an outflow is the object of our enquiry. 

Special attention is drawn to this rather ordinary assumption solely 
because it will be recognized as the starting point of those who have 
favored the so-called ‘‘absorption’’ approach to the problem of the 
balance of payments. The fact that the income expenditure identity 
plays a key role in the work below confirms our earlier claims that 
absorption and elasticity approaches have been fully integrated. 

Problems of aggregation. It will later be necessary to make ex- 
tensive use of the theory of demand. In particular, the elasticity of 
demand (¢,,) for the ith good with respect to the jth price will be 
broken down into substitution elasticity (0,,) and income effect 
—(p,X,/p,X,)C,.* X, is the quantity consumed of the ith good and p, 
is its price. C, is the marginal propensity to consume the ith good. 
We shail presume also that the following well known properties of 
substitution elasticities hold: 


(i) oO, +0, +¢,=0 (for three goods); 
(ii) o,, is negative; 

(iii) O40; — O30, is positive; 

(iv) Oy = (p,X,/p,X;)o,,.° 


‘P. A. Samuelson, Foundations of Economic Analysis (Cambridge, Massachusetts: 
Harvard University Press, 1947), chap. v. Note that o1j above is pyKi;/X; in Professor 
Samuelson’s notation. 

5 Cf. Samuelson, loc. cit. 
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The assumption that community demand elasticities have the same 
properties as individual demand elasticities requires justification. This 
problem has been dealt with elsewhere in detail by the present writer.’ 
Three points, however, must be made here. 

First, any money income redistribution due to relative commodity 
price changes is assumed to be random with respect to tastes. Roughly 
speaking, this means that there is no bias towards the rich gaining 
at the expense of the poor or vice versa. If bias is present, the 
effect of this must be separately considered. 

Secondly, demand for each particular good is written as a function 
of prices and total consumption rather than total income. In these 
circumstances the breakdown of elasticity into income and substitution 
effect involves the assumption that changes in the individual’s stock 
of wealth will not affect the shape of his preference pattern or, more 
strictly, will not affect his marginal rates of substitution between 
goods currently consumed.’ We note also that aggregate consumption 
does not depend on current prices, although individual consumption 
does. This is apparent because aggregate consumption includes gov- 
ernment consumption, which is automatically adjusted so as to maintain 
full employment at all times. 

Finally, that part of investment which represents a demand for 
goods is included in aggregate consumption. Marginal producers 
whose investment activity is affected by current prices are regarded 
as a class of consumers with ‘‘indifference curves’’ defined by produc- 
tion functions. Redistribution of investment expenditure between 
producers is exactly analogous to the redistribution of consumption 
expenditure already referred to. Thus, all that we know about the 
theory of consumer demand applies equally to investment demand, 
and we remain free to make use of the properties of demand elastic- 
ities quoted above. 

The fact that goods are classified into exports, imports and non- 
traded goods rather than into groups with similar characteristics does 
not create any special difficulty. As long as significant tariff barriers 
exist, small relative price changes cannot cause any good which was 
formerly an import to become an export. The fact that relative price 
changes might cause some good, formerly an import, to be produced 
entirely at home does not matter as long as the model allows for 
some home production of the whole class of imports and as long as 


® Cf. a forthcoming paper entitled ‘“The Theory of Aggregate Demand.”’ 
7 Cf. I. F. Pearce, ‘‘Demand Analysis and the Savings Function,”” Australian Economie 
Record, Vol. XXXIV, No. 67 (April, 1958) 
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changes are continuous rather than discrete. 

Noiation. For the benefit of readers who wish to turn at once to 
the results given in Part 4, an explanation of the notation used is 
given in this section. Symbols for elasticity (¢), substitution elasticity 
(co), and marginal propensity to consume the ith good C, have already 
been introduced. 

Good 1 is the class of exportables of the home country, good 2 is 
the class of importables, while good 3 is excluded from trade. X,, X, 
and X, represent the total quantities consumed at home of the three 
goods. X{, X!, and Xj are the quantities consumed abroad. Primes 
are used quite generally to denote ‘‘belonging to the foreign country”’ 
wherever there is ambiguity. Thus C’, is the foreign country’s mar- 
ginal propensity to consume non-traded goods. Where there is no 
ambiguity primes are dropped even though symbols may refer to the 
foreign country. In some cases primes have been used outside 
brackets to indicate that all symbols inside the brackets refer to the 
foreign country. 

x, is the quantity of good 1 exported from the home country. 2, 
is the quantity of good 2 imported by the home country. (X, + 2,) 
therefore is total production of good 1 in the hon« country and 
(X’, — z,) is total production of the same good abroad. 

As all prices appear ultimately as price relatives, we need only 
work in units of home currency. p,, p,, and p, are the absolute home 
prices of each good. Prices abroad, both absolute and relative, will 
be different from those at home because of tariffs and transport costs 
and because some goods are not traded. For foreign prices we use 
therefore the symbols q,, ¢., 9. 

Supply is assumed to be a function of all commodity prices. Supply 
elasticity is written S,,. This measures the percentage change in the 
output of good 7 due to a one per cent change in the price of good 
j. It is assumed that supply functions are homogeneous of order zero 
in prices; that is, the doubling of all prices would leave supply un- 
changed. The transformation surface defining optimum production 
possibilities is supposed also to be concave to the origin.* Thus supply 
elasticities have the following properties analogous to demand elastic- 
ities: 

(i) S,, is all substitution elasticity; there is no income effect; 

(ii) S, +S,+ 8S, =0 (for three goods); 

(iii) S,, is positive—the higher the price the greater the supply; 


8 Cf. Samuelson, loc. cit, pp. 234-35. 
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(iv) S,S,, — SS, is positive; 
(v) Sy - (Xf Py X)Sy;. 


In the following sections these definitions will be repeated where 
appropriate when the symbol is first introduced to avoid referring 
back. 


2. A SIMPLIFIED EXPOSITORY MODEL 


We begin with the simple case where all goods enter into trade. 
The balance of payments in terms of home currency is 


(1) B= p,&,— Q%;, 


that is, receipts from exports less payments for imports. The home 
country receives only the home price for its exports and pays only 
the foreign price for its imports. The price ratio qg./p, gives a meas- 
ure of the real terms of trade. 

q,/p, is greater than one by an amount equal to the tariff and 
transport cost loading when exports gre delivered abroad.’ It is as- 
sumed throughout that the loadings q,/p, and p,/q, are constant. Thus, 
any percentage change in the real terms of trade g./p, must always 
be exactly the same as the percentage change in either the ratio 
p./p, or the ratio g./g,. We shall, in fact, use the percentage change 
in p,/p, to measure the change in the real terms of trade. The as- 
sumption of constant loadings is equivalent to assuming that tariffs 
are ad valorem and that transport costs are negligible or have special 
properties. It will be seen later that to make loadings variable would 
introduce additional complications without demonstrating any new 
principle. 

The balance of payments (equation (1)) is now written in units of 
good 1 instead of money: 


(2) Bp, =%,-— (9./P:)%s . 


Differentiating (2) totally we derive an expression for 8, the change 
in the balance due to a one per cent change in the real terms of 
trade, 


* The existence of a commodity “‘transport”’ raises an insuperable aggregation problem 
in a six-good model such as the present one. The reader may prefer, therefore, to 
assume away transport costs and attribute all loading to tariffs. It would be tedious, but 
not difficult, to distinguish between home produced importables and importables with a 
fixed proportion of transport from abroad so as to avoid contradiction. But this is not 
attempted here, as it is considered that the disadvantage of greater complication would 
not be outweighed by corresponding advantages. 
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(3) p= _ hm) ds, Pr Gs » 


p, UpJp) p\p,/dplpn) 1 Pr 


This is obtained by writing q./p, as q,p./p,p, and remembering that 
q./p, is constant by virtue of the constant tariff loading assumption. 

To avoid unnecessary complication we now suppose that trade is 
initially balanced. It would not be difficult to work the general case, 
but we lose very little by the restriction, since in most practical cases 
any imbalance in trade will not be allowed to grow large relative to 
amounts traded. Thus 


Dt, = Q%,, 
so that § reduces to 


f dz, 1 ee RS 
(4) B=2, ee a: ae ee 
Pp, Up/p,) x, pp, A(p./p,) *, 


Now the form of the expression ( P, da >) tempts us to call 


; ia p, d(p.|p,) #, 
it the elasticity of demand, for it looks like the percentage change 


in x, due to a one per cent change in the ‘‘price’’ p./p,. Moreover, 
a one per cent change in »,/~, can always be interpreted as a one 
per cent fall in p, with p, constant or a one per cent rise in p, with 
p, constant. Thus, it might be argued that (4) can be written 


(5) 8= —2,E,+ £,+1), 


where E, and E, are elasticities of demand. It is in this form that 
the effect of devaluation on the balance of payments is often expressed. 

Unfortunately this ‘‘solution’’ to the problem does not tell us very 
much. This is because the expressions we have written as EF are not 
really elasticities in the ordinary sense, but the total effect on x both 
of price changes and any other subsidiary changes which may be 
appropriate. We can infer nothing about either their sign or their 
magnitude. Moreover, it is doubtful if they have yet been satisfac- 
torily defined in terms of more familiar parameters. 

Elasticity of demand ought only to mean the percentage change 
due to a one per cent change in price, all other prices and total spend- 
ing constant. Only on this definition can elasticity be thought of as 
a parameter the value of which can, in principle, be known independ- 
ently of the problem under review. Even in the simplest model Z£ 
cannot mean this; if the balance of payments is really changed while 
production remains constant, spending must have changed. The dz, 
of (4) will include not only the change due to the change in price p, 


—1). 
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but also some further change due to the change in spending. More 
over, x, is not necessarily the total demand for good 1 abroad. Some 
part of this may be met out of production abroad. Any price induced 
change in this supply will affect the demand for x, for yet another 
reason. 

E is, in fact, what has been called elsewhere a ‘‘total’’ elasticity.” 
Such an elasticity is meaningless until its elements are specified. Indeed, 
since in the present context supply and demand are always equal, # 
could just as easily be called supply elasticity. The reader will note 
that in deducing formula (5) we took no account of supply conditions, 
nor did we at any time make use of the assumption that only two 
kinds of goods exist. (5) is, in fact, an alternative way of writing 
any possible formula which might be devised to cover any kind of 
case. By appropriately defining EF, (5) can be made equivalent to any 
of the various formulas given below or referred to. It even covers 
the case where employment is allowed to vary." To obtain a meaning- 
ful result it is necessary to define E carefully in terms of the para- 
meters of demand and supply equations and substitute the result into 
(5). This is what we now proceed to do. 

We distinguish first between the demand for exports (#,) and the 
total demand for good 1 (exportables) at home (X,) and abroad (X’,). 
The theory of demand tells us that with only two goods total foreign 
demand for good 1 may be written as a function (f) of the relative 
price g./g, and total consumption measured in units of good 1, namely 
C/q,. Foreign demand for exports from the home country is total 
foreign demand less own supply. Thus 


(6) x, = f£(9./9;,, C/a,) — 9(4./9,) . 


Reasons have already been given for putting demand as a function of 
total consumption rather than income. Supply (g) depends only on 
relative prices and may be thought of in terms of the familiar trans- 
formation curve defining optimum production possibilities. Doubling 
all prices leaves supply unchanged. 

We now ask which of the independent variables change and by how 
much. To find the change in C/g, we recall the basic absorption 
condition 


10 Cf. I. F. Pearce, ‘“‘Total Demand Curves and General Equilibrium,’’ Review of 
Economic Studies, Vol. XX (3) (1952-53), pp. 216-27. 

1! Cf. John Spraos, ‘Stability in a Closed Economy and in the Foreign Exchange Market 
and the Redistribution Effect,’’ Review of Economic Studies, Vol. XXIV (1956-57), foot 
notes 1, 2, and 3. 
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Consumption + Investment = Production + Imports — Exports , 


quantities being valued at internal prices. 
Remembering that we are now looking at the foreign country we have 


C/q, = O/q, + 2, — (q./9,)2, (where O = production) 
= O/q, + Big, + (1 — p,/q,)a, « 


We recognize the last term as foreign tariff receipts in units of good 
1. Thus we obtain 


d(C/q,) = d(O/q,) + d(B/q,) + (1 — p,/q,da, , 


where ‘‘d’’ is read ‘‘the small change in.’’ p,/q¢, is, of course, constant 
by assumption. But with two goods only 


O/a, = (Xi — x) + g./4,(X5 + 2) , 
so that 
d(O/q,) = d(X; — x) + @./a,d(X: + x.) + d(q./q,)(X} + 2.) . 


But if full employment is maintained, the ratio of changes in produc- 
tion d(X! — x,)/d(X;+2,) must be equal to minus the ratio of 
marginal costs, which under competition will be equal to —q,/q,. 
Hence, 


aX; — x) + (¢,/9,)d(X; + v.) =0, 
so that 
d(O/q.) = d(q./9,(X1 + %,) . 
Thus, 
(7) d(C/q,) = d(q./9,)(X: + x.) + d(B/g,) + (1 — p,/a,)de, . 


From (6) we now write an expression for the total elasticity of 
demand for exports (£,), 





d(q,/9,) % %, 
= —E, = g)(4:2,)(f aa, + Forald(C/9,)/2(42/9,)] — Gaia.) » 


where fic,» foi, 2Nd 9,/., are the partial derivatives of the functions 
f and g. This can be converted into the more familiar elasticity 
notation as follows. 

Thinking of f as a function of q,, g, and C separately rather than 
as a function of the ratios q,/q¢, and C/q,, we note that q, /,, is exactly 


equivalent to (q,/9,)f4,/¢,. This must be so, for even if part of any 
change in q,/¢, were due to some change in q,, this must be matched 


(8) dz, q, 1 
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by an equal percentage change in C so as to keep C/q, constant. And 
we know that any given percentage change in both q, and C is 
precisely equivalent to the same (negative) change in g, with g, and 
C constant. Thus, in our elasticity notation, 


(9:/9:X1) Fosia, =, 


where ¢,, is the ordinary partial cross elasticity of demand. The supply 
function is open to the same interpretation. We notice also that 


So = fea, — sa AL = Fcia,!% ’ 


so that f,,,, is the familiar marginal propensity to consume good 1 (C,). 
Thus (8) can be written using (7) as 


—E£, - Ave, _ 4-49. 7 Gx, + 2%) 


1 1 wv, 


C, Ca aBia) ~(1— pla)C.e, . 
+ G Hela.) C ~ Fe 


If we define 
a=1/(1—C,1 — pJ/q,)), 
this becomes 
E,= —a( Are, - X, — Fag. > a C, . 42x, +e) + 2. C, qs Sig) ) 
w, , v, 4 #, q, (q./9;) 


It should be noted that @ is a multiplier, not very different from 
unity, which exists only because of the tariff loading. Splitting ¢,, 
into substitution elasticity ¢,, and income effect —(g,X,/q,X,)C, and 
using 9.7%, = p,%,, we have 

E, = -o(4+9, - %—*s + AB) 4 2¢,). 


12 
, , *, 9, 2/9) 4% 
But ¢,, = —o,, and S, = —S,, with two goods only. We know also 
that B/q, = (p,/¢,)B/p, or d(B/q,) = (p,/¢,)d(B/p,), so that 
(9) E, = a(*1o, -1—4s, a AG, CG, DP HAD IPY . 
x, x, q; ©, % DP, U(p,/p,) 


By an analogous method we may obtain also 


(10) E, = a( Xig,—%2—tg to _ Gs G, HBP) 
Z, c th £«&% dpJp) 


Substitution in (5) yields the desired meaningful formula for the effect 
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on the trade balance of a one per cent change in the real terms of 
trade 


, XxX, X,— %, ' x, X,—% 
a’'| —o,, ———=4S,, ) + a| —,, - = 2S. 
(ll) @=-—2, a ied: gen ty as 
1-— a’p,Ci/q, ow aq.C,/p, 





At this point it is convenient to make one or two observations of a 
general nature. First, the formulas (9) and (10), even with the present 
simplified two-good model, already give some hint of the complexities 
which can be covered up by the use of vaguely defined expressions 
such as ‘‘the elasticity of demand for imports,’’ for this is precisely 
what the total elasticities HZ, and EF, are. On the other hand, it is 
clear from our results that much of what has been said about the 
factors governing the magnitude of the ‘‘elasticity of demand for 
imports’? by writers who favor the literary intuitive approach is 
substantially justified. The fact that E is made up of the sum of the 
Marshallian elasticity and the elasticity of supply simply gives expres- 
sion to the intuitively obvious idea that a rise in the price of import- 
ables will reduce the quantity bought abroad still more when the 
same price rise serves also to increase the quantity produced at home. 
Again, the fact that the substitution part of the Marshallian elasticity 
has a multiplier X/x shows how E will tend to be larger if the import- 
ing ‘‘country’”’ produces a high proportion of its total consumption of 
importables. If, for example, the importing country is the ‘‘rest of 
the world,’’ X may be very large relative to x. In this way our 
formula confirms the idea we have in mind when we say that the price 
of the exportables of some small region is determined by the world 
market, and hence elasticity of demand for them is large. Finally, 
the term in E involving the change in the balance of payments is the 
much discussed absorption effect. All of these features, with added 
complications not intuitively obvious, reappear in the three-good model 
of the next two sections. 

Turning now to the formula for 8 we note: 

(i) Our result is totally unlike the celebrated ‘‘four elasticities’’ 
formula devised by Mrs. Robinson.” There are two possible reasons 
for this, depending upon the way in which Mrs. Robinson’s model is 
interpreted. Either the ‘‘four’’ elasticities are total elasticities not 
precisely defined, or it must be implicity assumed that demand is 
independent of income. In the first case we have the difficulty already 


12 Joan Robinson, ‘‘The Foreign Exchanges,’’ Essays in the Theory of Employment 
(Oxford: Blackweli, 1947), pp. 134-55. 
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noted in our comments on (5) above. The second interpretation is no 
more satisfactory.” 

(ii) If we assume that there is no home production in either country 
of the class of goods imported, so that X{ = 2,, X, = 2#,, and S,, = S,, = 
0; and if we assume also that there are no tariffs or transport costs, 
so that a’=a=1, p,=4q, and p,=gq,, then our formula for @ 
becomes 


(12) B= —a[(0n + x)/((1 — Ci — C,) + 1] 


which, when we recall that ¢,, = —o,, and ¢,, = —@,, is the same as 
that given by Professor Meade for this special case.“ By recombininy 
income and substitution effects into elasticities «, 8 may be rewritten 
as 


B = —2,(é,; + Eo9 - 1)/(1 = Ci a C.) . 


Professor Meade accordingly reconciles his formula with the ‘‘famil- 
iar rule’ that devaluation will always improve the balance of payments, 
if the sum of elasticities is numerically greater than unity, by assum- 
ing that 1 — Ci — C, is always positive. This assumption is crucial and 
we shall need to discuss it at length. Before turning to this, how- 
ever, we note in passing one of the curious results of the use of 
ambiguously defined total elasticities. Professer Meade’s fundamental 
assumption is that supply elasticities are zero. On this assumption 
he arrives at the ‘‘familiar rule.’’ On the other hand, to reduce Mrs. 
Robinson’s formula to the ‘‘familiar rule’’ it is necessary to assume 
that supply elasticities are infinite. The reader will at once see the 
reason for this anomaly if the invitation of footnote 13 is accepted. 

Consider now the assumption that 1— C{] —C, is positive. This is 
justified by Professor Meade on the ground that it is unlikely in 
practice that the marginal propensity to import of any country will 

18 Professor Meade in reworking the Robinson formula favors interpretation two (cf. 
The Balance of Payments: Mathematical Supplement chap. x). Readers are invited to 
attempt a restatement of Meade’s mathematics, writing imports as a function of relative 
prices rather than absolute prices in equations (4.1) and (4.2) (loc. cit.) From (5.1) and 
(5.4) we then discover that equilibrium is impossible unless elasticities of supply and 
demand are equal but of opposite sign. Making use of this fact it is easy to reduce the 
four elasticities formula to (5) of the text above. 

If the ‘‘total’’ elasticity interpretation is accepted, it is hard to see how elasticity of 
supply can ever be different from elasticity of demand (except for the fact that different 
currencies are involved). Once again the four elasticities formula reduces to (5). That 
it is correct is not disputed. We question only its usefulness and warn that the elasticities 
which appear in it must not be interpreted as parameters independent of the problem. 

'* The Balance of Payments: Mathematical Supplement, Table IV (b), p. 150. CZ. 
also p. 46, (1). 
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be greater than one-half. This seems a plausible enough assumption 
when we look at the real world. Unfortunately, the model to which 
Professor Meade applies it is a two-good model which, in this respect, 
is not descriptive of the real world. With two goods only, C, + C,=1, 
so that 


1-—-Ci|-C,=G-C,=C,-C. 


To assume that 1 — C{ — C, is positive is therefore exactly equivalent 
to assuming that the home country’s marginal propensity to consume 
its exportables (C,) is always greater than the foreign zountry’s 
marginal propensity to consume the same ciass of goods (C’/). In this 
guise it looks much less plausible. It would be surprising, for example, 
if West Africa’s marginal propensity to consume ground nuts and 
palm oil were greater than that of the rest of the world. Moreover, 
the sign and magnitude of C, — C! is the crucial determinant of both 
the sign and magnitude of 8. This may most conveniently be seen 
by looking at Professor Meade’s formula in the form of (12). ¢,, +0, 
is bound to be negative, and the sum of two substitution elasticities 
is almost certain to be numerically greater than the difference between 
two marginal propensities to consume the same good. Indeed, it will 
be argued in Part 4 that the smaller the substitution effect the higher 
the degree of complementarity, i.e., the greater the tendency to 
consume exportables and importables in fixed proportions. Further- 
more, if goods must be consumed in fixed proportions, it seems more 
likely that these fixed proportions will be the same in any two coun- 
tries, so that Ci and C, tend to be equal. Hence, the smaller is 
C,—Ci. It follows that the sign of 8 may be positive or negative 
and, if C,— Ci is very small, 8 may be very large. In its new form 
Professor Meade’s model suggests that there may be just as many 
cases where a favorable change in the terms of trade is required to 
correct a trade deficit as there are cases where the necessary change 
is adverse. Moreover, such a result is hardly surprising; it is very 
well known and has been much debated in connection with the transfer 
problem, which is, in a sense, the same problem in reverse.” 
Exactly the same considerations apply ir the more general case, 
equation (11). Since a, a’, p,/q,, and q,/p, are all positive and not 
very different from unity, the denominator of the first term of (11) 
has the same characteristics as before. The numerator is again bound 


18 Cf. P. A. Samuelson, ‘“The Transfer Problem and Transport Costs,’’ Parts | and Il, 
Economic Journal, Vol. LXII (June, 1952), pp. 278-304, and Vol. LXIV (June, 1954), pp. 
264-89, 
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to be negative but numerically larger by the addition of supply elastic- 
ities and by multiplication by X/x etc., as already indicated. 

It may be objected, of course, that if Professor Meade’s qualitative 
conclusions are unacceptable because they are drawn from a two-good 
model in a three-good world, then any conclusions we draw from the 
same model in any other form must be equally unacceptable. Such 
objections would be valid. Everything depends upon the way in which 
the model generalizes. If the three-good model contains 1 — C, — C’ 
in the denominator, then Professor Meade’s empirical judgment is 
justified. If, on the other hand, the denominator appears as C, — Ci, 
then the new view is more appropriate. It will be shown in Part 3 
that the new view is nearest the mark. 

At this point we introduce briefly a diagram which, although not 
new, serves to bring out certain dynamic aspects of the problem which 
cannot be treated algebraically and which lead up to a point important 
to the general case. 

Figure 1 represents the familiar Edgeworth box. OB and PB 
measure the (fixed) quantities (X, + x,) and (X}+ 2,) of commodities 


B 




















FIGURE 1 
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produced. BKE and BEG are ‘‘offer’’ curves cutting at E. As drawn, 
demand elasticities are clearly high. 

With terms of trade initially at BE and equilibrium consumption £, 
trade is balanced. If country 1 depreciates its currency it will, on 
impact, worsen its real terms of trade, say to BG. The new patterns 
of demand are defined by the points K and G. This does not mean 
that exports now exceed imports. It means only that the demand 
for exports exceeds the demand for imports. We have no means of 
knowing whether these demands will be met or not; it is clear that 
an overall surplus of demand of KM has developed for the product of 
country 1 and an overall deficit of MG for the product of country 2. 

One thing, however, we do know. If the object of country 1’s 
depreciation is to build up an export surplus, there is no point in 
allowing the effect of depreciation to be nullified by a rise in prices 
due to the inflationary pressure set up thereby. The next logical step 
is to reduce total spending. Acting alone country 1 could always 
reduce home demand so as to equate the total demand for its product 
with supply, that is, until home demand is reduced by an amount 
KM. But such action will also reduce the demand for country 2’s 
product at a time when it is already experiencing deflationary pres- 
sure. If, as a result, spending in country 2 is increased, this will 
recreate the inflationary pressure in country 1. As the diagram is 
drawn, this process will continue indefinitely. No equilibrium is pos- 
sible. The increase in the demand for country 1’s product due to 
increased spending abroad is alwiys greater than the decrease due to 
its own deflation because C, < C;. The object of devaluation is defeated 
by attempts to maintain full employment. 

In fact, the only possible position where total supply is everywhere 
equal to total demand, with terms of trade BG, is at H. If such a 
position were ever reached, depreciation would have created a deficit in 
the trade balance instead of the surplus intended. Total spending in 
country 1 is OA. The trade deficit is BA. More is being consumed than is 
being produced, and the excess is paid for by a loss of reserves. Country 
2 is consuming less than it produces but is gaining reserves. The con- 
sumption patterns defined by the point H just exhaust total production. 

The implication of all this is that for country 1 to create a surplus 
it should have appreciated to improve its terms of trade and deflated 
to cut consumption. This holds as long as marginal propensities to 
consume take values as drawn, namely, as long as C, < C;. We have 
no reason to suspect that this case is at all unusual. 

To put itthe other way round, if two countries found themselves 
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in situation H with total supply equal to total demand but with country 
1 losing reserves, it would be necessary for country 1 to appreciate 
until the real terms of trade were improved to BE and then to cut 
spending in order to correct the deficit. This is the case even though 
demand elasticities are high. 

We must emphasize, however, that all this is true only for the 
simple model. It will become clear later that in a six-good world the 
dynamics are much more complex. In general it will still be necessary 
to improve (or worsen) the terms of trade and to cut spending. But 
the most important price change is usually a rise in the price of 
traded relative to non-traded goods. The reason why in practice 
devaluation seems to have been universally successful in correcting 
balance of payments disorders may be that it achieves the third of 
these objectives rather than either of the first two. 


8. GENERALIZATION OF RESULTS 


In this section we introduce the third good and derive the most 
general expression for 8. A parallel formula is obtained also to show 
what change in the price ratio p,/p, is required to achieve equilibrium. 

Proceeding exactly as in Part 2 we break down the total elasticity 
of formula (5) into its constituent parts, remembering to include the 
effect of the change in the additional price relative p,/p,. Thus we have 


iii X, X, — 2; X, X, —Xig \Q d(qs/q,) 
—E, = —e,, ———*'8,, = 4S, 
x, : , i ( w, . x, ONTOS) d(q,/9,) 
4+ & ~ hx, + £5) + —L C, qs d(q;/q@, 4(4)9)) x + —L C, q d(Biq,) —(1 ae p,q) CE, ‘ 
v4 @, q, 4(Q./9;) x, q, (q,/9,) 


Splitting elasticities into income and substitution effects we may 
combine terms 1 and 4 and 3 and 5 to simplify this expression as 
before. Using also the fact already noted that substitution elasticities 
sum to zero, we obtain, corresponding to equation (9) of Part 2: 


(18) E, = a| 40, - X—hg Pc 
%, u; % 
xX, X, — 4 2d 3 1 2 i 
“een ao hee 


The problem now is to express the rate of change of q,/q, in terms 
of elasticities so as to be able to eliminate this from (13). To this 
end we make use of the fact that the change in total demand for 
X, must be equal to the change in total supply. Thus, using the 
symbol f for the demand function and g for the supp!y function, we have 
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d(q;/q,) - d(C/q,) d(q3/9:) 
Fase, + Sasi + Sea = aia, + a3/4 ; 
in Ted qlg,) aaa) 9 7 aCqq,) * 
which on conversion to elasticities yields 
qd A(9:/9;) 
qd; 4(9./4,) 
C4, d(B/q,) C4, (q, Hc (@— 2) x 
Sy — &) — He X, + x.) + x oe 
“ihe tenn Xia ¥ qs 
— Ss + C; 
Thus 
<2 d(q,/@,) 
(14) (22 AGG) _ 4 
e d(q./9;) ) 
On — Sy — 2%¢C, — Goh (Bia) » (U—P) Hop 
*) steele * 2 X.ds 4(q,/4:) q xX 
O33 — Ss; s 


We now define 
»’ == at’ /1 4. qd: — Dr [sen (X, — 2)8) Jc i}. 
qs XsFs ek XSi; 


’ is clearly a multiplier analogous to a’, due to the tariff loading. 
Since p,X,0,; + p~.X20.5 + P;X;03, = 0, and in the normal case where there 
is no complementarity in consumption ¢,, and ¢, are positive, and 
since supply elasticities have similar properties of opposite sign, the 
expression inside the square brackets must be negative and numeri- 
cally less than unity. It follows that \’ must be positive and greater 
than unity, but by a small amount. It should be noted, however, 
that if complementarity is present between goods 2 and 38 (i. e., if 
Jd, is negative), ¢,, may be numerically greater than g,,, and X’ could 
conceivably be negative and large. We shall discover it to be a 
general rule that a high degree of complementarity in consumption 
can lead to perverse results. But this is precisely the situation where 
equilibrium in international trade might not be possible. 

Substituting (14) into (13), making use of our definition of \’, we obtain 





E,= [2<, —~ Pio _ %=%g 





+ q: wv, 
“(Sar Rte $868) 00-8 
“Beha a, AB 


i Gi ty ABI) ] 
a, 9, d(q,/q,) 5 
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A similar expression may be obtained for 2, so that, by substitution 
in (5), we obtain the final formula” 




















(15) B= —«|— +1], 
where 
U= | ( 3, Go — 4-5.) —(* ~ ite A= 18, \oy— wl (Fs3— ») | 
a : x, xz, wv, 

= | ( a Oo — == — S,,) a ( : O~4 — “1% Su)(a— 22) /(F3— ») |, 

va, — MP 4 MGM — (KX — 2)Ss)' 210s 
q (Q:X3033 — Gs.X5533)' q 
me AG; C. +. MP.X3005 — p(X, — a)S.s] q:Cs ? 
P2 (DsX5653 ps PsX Sys) PP; 


Equations (14) and (15) constitute our fundamental results. 
4. INTRODUCTION OF MORE REALISTIC ASSUMPTIONS 


The formula (15) which we have just derived is not by any means 
as formidable as it looks. In fact, it is basically the same as the 
simple two-good result already discussed, having much the same 
properties of sign and magnitude. This may best be demonstrated 
by tracing the various modifications required to accommodate succes- 
sively more realistic assumptions. 

16 It would be wrong to introduce this formula without explaining why it differs from 
that for the ratio t'v which may be derived from Professor Meade’s Table X, (The 
Balance of Payments: Mathematical Supplement, p. 156). 

In the process of developing his basic model Professor Meade defines elasticity of 
supply as the percentage change in output due to a one per cent change in the reciprocal of 
the marginal product of labor, homogenous labor being the only factor of production (loc. 
cit., p. 8, also pp. 22-23). This definition is used throughout. It is rationalized as follows. 
The wage rate is always equal to the marginal value product of labor, so that the 
reciprocal of the marginal product of labor is identical with the ratio of product price 
to the wage rate. To define supply as a function of the reciprocal of the marginal 
product of labor, therefore. is equivalent to defining supply as a function of the product 
price divided by the constant wage rate. Professor Meade’s elasticity of supply is the 
percentage change in output due to a one per cent change in the product price with the 
wage rate held constant. Unfortunately this is not the same as the more usual definition 
of elasticity, namely, the percentage change in output due to a one per cent change in 
the product price with all other product prices held constant. The theory of production 
tells us that wage rates are a function of all product prices, so that to change one 
product price holding all others constant necessarily implies a change in the wage rate. 
Alternatively, to change any one product price holcing wage rates constant necessarily 
implies that at least one other product price must have changed in compensation 


In the special case where supply elasticities are zero and there is no home production 
of importables, (i5) above and Professor Meade’s t/v are identical 
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Suppose first of all that we have: 
(i) No tariffs or transport costs (p = q); 
(ii) Two classes of goods only, imports and exports; 
(iii) No production by any country of the good imported; 
(iv) Zero elasticities of supply. 
Formula (15) reduces on these assumptions to 


16 - —x| St on 1]. 

(16) 8 Icuoot 

This is Professor Meade’s result, already commented upon in Part 2. 
Now consider the effect of introducing a class of non-traded goods. 
That is, relax Assumption (ii) above but retain Assumptions (i), (iii) 
and (iv). In this case 


(o, — FuF%m y 4 (0. ea 2270) 


D333 Oss 


1G 0+ (Bee)or + (Bea), * 





(17) B=-—4%, 


This is a very straightforward generalization. Consider first the 
numerator of the first term inside the brackets. We know from the 
theory of demand that (¢,,0,, — ¢,0;,) is positive. This is a condition 
of stability. As ¢,, is bound to be negative, it follows that o,, — 
(0,;0;,/0;;) must therefore be negative. In fact, this expression has 
properties analogous to the g,, which it replaces as we move from 
(16) to (17). It tends to zero when good 1 and good 8 are always 
consumed in fixed proportions. It tends to infinity when good 1 and 
good 3 are perfect substitutes. Like g,, in a two-good world this new 
expression is a measure of the substitution possibilities in the system. 
With three goods, however, substitutability between goods 1 and 2 
will not help in changing the level of foreign demand for good 1 if 
there is complete complementarity between goods 1 and 38. This is 
true because the consumption of the non-traded good is fixed by the 
given supply, so that the consumption of good 1 must also be fixed, 
whatever the price. 

Consider now the denominator of the first term inside the brackets. 
For any one country we know from the theory of demand that 


D,X,013 + P.XI3 + DX, = 90. 


Suppose for the moment that both countries have: 
(a) Identical substitution elasticities, 
(b) Identical average propensities to consume, and 
(c) Identical marginal propensities to consume non-traded goods. 
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Then the complicated expression under examination reduces at once 
to C, — Ci and corresponds exactly with the two-good result. 

It is also clear that however much elasticities differ between coun- 
tries all terms of the denominator remain less than or equal to one. 
Its total magnitude must be of the order of C,—C{ in any case. 
Moreover, the fact that one region is small while the other is the 
rest of the world does not give us any cause to look for differences 
in parameters. It is true, of course, that the greater the number of 
individual consumers the greater will be the absolute change in sales 
due to a one per cent change in price. But the percentage change 
in sales is not necessarily different with different numbers. It is for 
this reason that the rather cumbersome elasticity forms have been 
retained. We emphasize also that the C’s in our formulas are mar- 
ginal propensities to consume importables and not marginal propen- 
sities to import. Marginal propensities to import will be affected by 
the relative size uf the trading areas, but marginal propensities to 
consume importables will not. 

It is clear that all the arguments put forward in Part 2 regarding 
the sign and magnitude of 8 in the two-good case apply with equal 
force when the extra good is introduced. The numerator of the first 
term of (17) inside the square brackets consists of the sum of two 
negative terms which may vary from zero to infinity. The denomi- 
nator is not very different from the difference between two positive 
marginal propensities, both of which must be less than one. More- 
over, the numerator will be numerically small only when there is high 
complementarity among all three goods, a circumstance in which the 
denominator is all the more likely to be even smaller. High comple- 
mentarity implies that countries will have similar substitution elasticities 
and similar marginal and average propensities to consume for all goods, 
which would imply a zero denominator. In sum, it seems highly 
unlikely that the first term of (17) could ever be numerically less than 
one, so that the sign of 8 will depend entirely on the sign of the 
denominator. It follows that the sign of 8 is uncertain even when 
elasticities are high. 

We now proceed to show how the uncertainty of sign persists a 
fortiori when all other assumptions are relaxed. To set out in full 
the equation for 8 when Assumptions (iii) and (iv) are removed would 
be tedious. The reader is invited therefore to turn back’ to (15) in 
Part 3 and to read all \’s as unity and all q’sas p’s. It will be seen 
that once again the essential form of (16) and (17) is preserved. To 
reduce the denominator V of the first term inside the square brackets 
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to C,— C! as before, we need in addition to those already listed the 
extra assumptions: 

(a) That elasticities of supply are the same in both countries, and 

(b) That the average propensity to produce every good is the same 

in both countries, the propensity to produce being the exact 
supply analogue of the average propensity to consume. 

All of those conditions will, of course, not be met. On the other 
hand, there is no reason to expect the bias to go one way rather 
than another. Reasons for this on the demand side have already been 
given. On the supply side, it would be natural to suppose that in 
any country the average propensity to produce importables would be 
lower than in the region from which it imports. But for this very 
reason supply elasticity is likely to be greater; it is easier to achieve a 
ten per cent increase in production when absolute production is low than 
when it is high. Inspection of our formula reveals that these two 
biases work in opposite directions. The sign of our denominator remains 
indeterminate, and its magnitude is still of the order of the difference 
between the two positive marginal propensities to consume good 1. 

Looking at the new numerator we notice that this takes exactly 
the same form as in (17), except that an elasticity of supply is added 
to each substitution elasticity. In addition, multipliers equal to the 
ratio of consumption of importables to imports, simi‘ir to those 
encountered in Part 2, reappear. Making use of the fact that stability 
conditions require both S,,S,, — S,,S,, and 6,,04, — G03, to be positive, 
we can easily prove that the new numerator, like the old, must be 
negative. We have 


(F,853)(Fs951:) = (S5Fs:)(S 1,5) « 
By the symmetry of substitution effects 
(X, — x,)S,;/p,; = X,S;,/p, and X,¢,,/p, = X,0;,/p, , 
so that 
(X, — 2) Sy), = X80. « 
It is well known that the geometric mean of two positive numbers 
must be less than or equal to their arithmetic mean, and that the 


geometric mean is equal to the arithmetic mean when the two numbers 
are equal; thus 


FS +2250, 2 2| (4+0,.8.)(= 18,0.) |# 


x, x, x, 


= 2 (2+5,.01)(7 wer “1$.0n) |* = A= 48,0, os “A8,05 . 
1 1 
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Given that (¢,,— S,,) is negative, it follows at once that 


(40, - A= 4s,)— (Ai, vas A= 48,\(on — Su)/(O — Sys) 
x, x, \ @, 
is negative or zero. 

It can also be shown that the whole expression tends to zero if and 
only if both 

(a) Goods 1 and 8 are always demanded in fixed proportions, and 

(b) Goods 1 and 8 are in joint supply, that is can be supplied only 

in fixed proportions. 
On the other hand, it tends to infinity if either 
(a) Goods 1 and 8 are perfect substitutes, or 
(b) Supply is perfectly elastic in the sense that relative costs are 
unchanged when resources are shifted from production of good 1 
to good 8 or vice versa. 

All of this means that the introduction of supply elasticities tends 
to increase the magnitude of the first term inside the square brackets 
in the three-good just as in the two-good case. The sign of 9 will 
be determined normally by the sign of this term, which is determined 
in turn by the sign of the denominator V. Perverse cases are impos- 
sible except when there is both complementarity in consumption and 
production among all three goods, and this, as we have seen, is just 
the case where a zero denominator is probable. Ali of the arguments 
used in the two-good case and the case of three goods with zero 
supply elasticities apply generally with greater force, partly because 
flexibility in supply tends to make the numerator U larger and partly 
because elasticities have positive multipliers X/x which cannot be less 
than unity and may be quite large. In particular, one of these multi- 
pliers will be large when one trading region is small relative to the 
other. 

Finally, the admission of tariff barriers causes the positive multi- 
pliers \} to appear as shown in formula (15). As shown also in Part 
3 these mulitipliers will normally be positive and slightly greater than 
unity. This still further increases the magnitude of the numerator U 
of the first term inside the square brackets without significantly chang- 
ing the magnitude of the denominator V. In fact, in the denominator, 
» wherever it appears is multiplied by p,/g, or q,/p,, both of which 
are positive and slightly less than unity. The arguments above 
therefore are further reinforced by the existence of tariffs. We have 
to conclude that an improvement in the balance of trade may require 
a movement of the real terms of trade either way even though elastic- 
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ities may be high. 

We have now to ask what change in the relative price of non- 
traded goods is necessary. Here it is possible to be a little more 
definite. By a method analogous to that used to obtain equation (14) 
in Part 3 we may derive an expression for the percentage change in 
the ratio of the prices of non-traded goods and exportables which 
must be associated with a one per cent adverse movement of the real 
terms of trade if full employment is to be maintained. We write this 


(18) (Su — on)M(Ou — Su) + (2% + PHB) CI(0y — Sy) . 

DX DyXy X, 
For convenience the term which arises because of the existence of 
tariffs has been left out on the ground that it will in any case be 
small relative to 8 (cf. equation (14), Part 3). 

Consider first the case where a one per cent adverse movement of 
the real terms of trade improves the trade balance (8 positive). The 
entire argument above suggests that §/x, will be large relative to 
(d;, — S,;); the denominator in @ is a small number not very different 
from C,—C'. We have already noted that unless there is comple- 
mentarity in consumption or joint supply between goods 1 and 3, 
(Ss; — %s:)/(Gs3—S;,) will be numerically less than one. Thus, the sign 
of the whole expression above is likely to be dominated by the sign 
of 8/(¢5—S,,). If the balance of trade is improved (f is positive), the 
sign of the whole will be negative. The price p, must fall relative to 
the price 7,. 

To find the change in p,/p, when a one per cent favorable move- 
ment in the terms of trade is required to improve the trade balance, 
the expression above must be multiplied by (—1), and we must keep 
in mind that this time 8 is negative. —(S,, — ¢,,)/(¢, — S,) is now 
negative. On the other hand, —(p,2,C,/p,X,(¢,, — S,)) is positive but 
will usually be considerably less than one. By the argument of the 
preceding paragraph, therefore, p, falls relative to p, in this case also. 
Thus ve have the general conclusion: 

(i) That normally the price of non-traded goods must fall relative 
to the price of exportables if the balance of trade is to be 
improved. 

This conclusion is not inescapable. It might be reversed, but only 
if there were high complementarity between exportables and non- 
traded goods at home and similarly abroad, as well as low elasticities 
of supply. 8 might be small, even though (¢,,—S,,) is not, and 
(S;, — Gs:)/(0;, — S;,) might be positive and greater than one. 
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Next it is obvious that if p,/p, has to rise to improve the trade 
balance and »p,/p, has to fall, then p,/p, must fall also. If, on the 
other hand, p./p, falls by one per cent and the trade balance improves, 
then p,/p, will also fall only if the fall in p,/p, is greater than one per 
cent. In view, however, of what has been said about the magnitude 
of 8 and hence of (18) this seems certain to be the case. Thus we 
shall argue: 

(ii) That normally the price of non-traded goods must fall relative 
to the price of importables if the balance of trade is to be 
improved. 

We note again that the existence in the system of complementarity 
and/or joint supply may upset this conclusion. In view of the fact 
that our ‘‘goods’’ are really classes of goods of many different kinds 
neither complementarity nor joint supply is likely to be encountered in 
practice. In any event, any case where they do occur will be imme- 
diately recognizable. 

Conclusions and remarks. We conclade that an improvement in 
the balance of trade requires, in order of importance: 

(1) A cut in money spending equal to 

(a) the trade balance improvement, plus 

(b) the money equivalent of the real gain or loss due to the 
change in the terms of trade (cf. (3)), plus 

(c) the money equivalent of any change in tariff revenue due to 
the change in the terms of trade. 

(2) A fall in the price of non-traded goods relative to that of 
traded goods. 

(3) Some change in the real terms of trade which may be positive 
or negative. This will be small relative to change (2). 

Conclusion (2) may be upset by the existence of complementarity and/or 
joint supply. 

Of these conclusions, (3) accords least with our intuition. The 
existence of a trade deficit implies that the country in deficit is living 
beyond its means, and that excess spending is financed by a loss of 
reserves. It seems a little odd that even in quite ordinary cases an 
improvement in the real terms of trade which increases real income 
might be required to correct a disorder due to too high expenditure. 
The explanation of the paradox is simple. Early preoccupation with 
the role of fluctuating exchange rates in adjusting the supply and 
demand for currency has encouraged economists to look on deprecia- 
tion as the direct cause of any improved trade balance. Moreover, 
we have been conditioned by two-good models to think of depreciation 





THE PROBLEM OF THE BALANCE OF PAYMENTS 27 


and an adverse movement of the real terms of trade as synonymous. 
Thus it is felt that only devaluation can make a country worse off, 
as it ought to be if its trade balance is to be improved. In fact, 
however, it is primarily the essential cut in money spending which 
corrects the trade deficit and not the change in the real terms of 
trade. And it is the cut in expenditure which brings about the 
required reduction in real wealth. 

The common sense of this conclusion becomes evident as soon as 
we reflect that there could be a case where no relative price changes 
are required at all. In the simple two-good model a cut in home 
spending might release goods (both importables and exportables) in 
exactly the proportions which would be demanded abroad following 
increased spending there. If the changes in spending were made 
equal to the trade deficit, this would be corrected without any need 
to change relative prices. In terms of our model, C, = C! so that 8 
is infinite and a negligible change in p,/p, will correct any finite im- 
balance. Put this way we see that if zero change in p,/p, is not 
‘‘perverse,”? then a situation requiring an improvement (negative 
change in p,/p,) should not be any more surprising than the opposite. 

The case where no change in relative prices is called for reveals 
the element of truth in the argument that deflation by itself can cure 
a trade deficit. But it must be recognized that this can never be 
wholly true when there exists a class of non-traded goods. A cut in 
spending will cut the demand for non-traded goods which cannot be 
sold abroad. To maintain full exployment it is absolutely necessary 
to reduce the price of non-traded goods relatively. 

This brings us to the common sense of condition (2) above. The 
price of non-traded goods has to fall relative to the prices of export- 
ables and importables simply because the effect on their sale of the 
cut in home spending is not offset by any increase in spending abroad. 
The fall in home demand for exportables and importables due to the 
cut in home spending is, on the other hand, partly or even wholly 
cancelled out by increased demand abroad. This is most clearly seen 
in the case outlined above where the re'ative price of exportables and 
importables does not change. But similar considerations are always 
present. ; 

Finally, we come to the question of exchange depreciation as a 
policy. We have remarked in Part 1 that the purpose of this paper 
is to define ends rather than means, and indeed no certain policy can 
be defined except in terms of a dynamic mo‘el. Ore thing, however, 
is certain. The impact effect of exchan;e depreciatio: will be to 
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Next it is obvious that if p,/p, has to rise to improve the trade 
balance and p,/p, has to fall, then p,/p, must fall also. If, on the 
other hand, p./p, falls by one per cent and the trade balance improves, 
then p,/p, will also fall only if the fall in p,/p, is greater than one per 
cent. In view, however, of what has been said about the magnitude 
of 8 and hence of (18) this seems certain to be the case. Thus we 
shall argue: 

(ii) That normally the price of non-traded goods must fall relative 
to the price of importables if the balance of trade is to be 
improved. 

We note again that the existence in the system of complementarity 
and/or joint supply may upset this conclusion. In view of the fact 
that our ‘‘goods’’ are really “lasses of goods of many different kinds 
neither complementarity nor joint supply is likely to be encountered in 
practice. In any event, any vase where they do occur will be imme- 
diately recognizable. 

Conclusions and remarks. We conclude that an improvement in 
the balance of trade requires, in order of importance: 

(1) A cut in money spending equal to 

(a) the trade balance improvement, plus 

(b) the money equivalent of the real gain or loss due to the 
change in the terms of trade (cf. (3)), plus 

(c) the money equivalent of any change in tariff revenue due to 
the change in the terms of trade. 

(2) A fall in the price of non-traded goods relative to that of 

traded goods. 

(3) Some change in the real terms of trade which may be positive 

or negative. This will be small relative to change (2). 
Conclusion (2) may be upset by the existence of complementarity and/or 
joint supply. 

Of these conclusions, (3) accords least with our intuition. The 
existence of a trade deficit implies that the country in deficit is living 
beyond its means, and that excess spending is financed by a loss of 
reserves. It seems a little odd that even in quite ordinary cases an 
improvement in the real terms of trade which increases real income 
might be required to correct a disorder due to too high expenditure. 
The explanation of the paradox is simple. Early preoccupation with 
the role of fluctuating exchange rates in adjusting the supply and 
demand for currency has encouraged economists to look on deprecia- 
tion as the direct cause of any improved trade balance. Moreover, 
we have been conditioned by two-good models to think of depreciation 
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and an adverse movement of the real terms of trade as synonymous. 
Thus it is felt that only devaluation can make a country worse off, 
as it ought to be if its trade balance is to be improved. In fact, 
however, it is primarily the essential cut in money spending which 
corrects the trade deficit and not the change in the real terms of 
trade. And it is the cut in expenditure which brings about the 
required reduction in real wealth. 

The common sense of this conclusion becomes evident as soon as 
we reflect that there could be a case where no relative price changes 
are required at all. In the simple two-good model a cut in home 
spending might release goods (both importables and exportables) in 
exactly the proportions which would be demanded abroad following 
increased spending there. If the changes in spending were made 
equal to the trade deficit, this would be corrected without any need 
to change relative prices. In terms of our model, C, = Ci se that 8 
is infinite and a negligible change in p,/p, will correct any finite im- 
balance. Put this way we see that if zero change in p.,/p, is not 
‘‘perverse,”’ then a situation requiring an improvement (negative 
change in p,/p,) should not be any more surprising than the opposite. 

The case where no change in relative prices is called for reveals 
the element of truth in the argument that deflation by itself can cure 
a trade deficit. But it must be recognized that this can never be 
wholly true when there exists a class of non-traded goods. A cut in 
spending will cut the demand for non-traded goods which cannot be 
sold abroad. To maintain full exployment it is absolutely necessary 
to reduce the price of non-traded goods relatively. 

This brings us to the common sense of condition (2) above. The 
price of non-traded goods has to fall relative to the prices of export- 
ables and importables simply because the effect on their sale of the 
cut in home spending is not offset by any increase in spending abroad. 
The fall in home demand for exportables and importables due to the 
cut in home spending is, on the other hand, partly or even wholly 
cancelled out by increased demand abroad. This is most clearly seen 
in the case outlined above where the re'ative price of exportables and 
importables does not change. But similar considerations are always 
present. ; 

Finally, we come to the question of exchange depreciation as a 
policy. We have remarked in Part 1 that the purpose of this paper 
is to define ends rather than means, and indeed no certain policy can 
be defined except in terms of a dynamic mo/'el. Ore thing, however, 
is certain. The impact effect of exchan:.c depreciation will be to 
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raise the price of importables relative to non-traded goods. Moreover, 
since they can be sold abroad at a higher price, the pressure will be 
towards a higher home price for exportables as well. Jt may be that 
the success of exchange depreciation as a policy rests more upon its 
power to reduce the price of non-traded goods relative to those traded 
than upon its power to affect the real terms of trade. 
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OF FACTOR PRICES* 


By STANLEY REITER’ 


1. INTRODUCTION 


THIS PAPER offers contributions to two sections of international trade 
theory. First, it extends the analysis of international specialization 
of production in s2veral ways. It considers the case of both non-linear 
and linear technologies, possibly differing among countries, and mobile 
and non-mobile products and resources. It also shows the relation be- 
tween nationally efficient and internationally efficient production pat- 
terns, without prescribing the institutional framework of production. 
On the basis of this analysis we prove the welfare theorem of classical 
international trade theory, namely, that the equilibria of the system 
of free trade and domestic competition are internationally and domesti- 
cally efficient patterns of production, thus extending the theorems of 
earlier international trade theory. Second, we use this more general 
model to derive both necessary and sufficient conditions for factor price 
equalization, rather than merely sufficient conditions, as has been the 
case hitherto. We use these conditions to analyze the logical role of 
the sufficient conditions employed by Professor Samuelson in his dis- 
cussion of factor price equalization. We do not assume that all countries 
have identical technologies, or that constant returns to scale prevail; 
we show that the condition interpreted by Samuelson as ‘‘non-reversi- 
bility of relative factor intensities’? need not be imposed on the pro- 
duction functions, although an analogous condition is used elsewhere. 
Our argument is presented for many countries, many products, and 
many factors. The existence of by-products is recognized, but joint 
production is excluded. Transportation appears explicitly in the model. 
The analysis is independent of the international distribution of resources 
and of the conditions of demand. 


* Manuscript received December 30, 1959, revised August 29, 1960. 
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2. EFFICIENT INTERNATIONA‘. LOCALIZ:.TIONS OF PRODUCTION 


2.1. Technology. Assume that the world technology and the tech- 
nologies of the constituent countries are of the Kuhn-Tucker type; 
that is, they are represented by non-linear activity analysis mode's.’ 

Let U denote a finite dimensional linear space, the world commodity 
space. The elements u ¢ U are commodity vec!ors; such a vector de- 
notes a specification of the quantity (flow) of each commodity in each 
country. ; 

Let X denote the non-negative part of a finite dimensional linear 
space; X is the activity space. The elements x € X are activity vectors, 
or vectors of activity levels. 

The world technology is given by a mapping 

L:X-U. 
The image L(x) e U of a point x € X is the vector of inputs and out- 
puts associated with the activity vector x. Thus, if production is 
carried out in every country at the levels x, then the resulting com- 
modity flows are u = L(z). 

The world technolory may be decomposed in terms of the constituent 
technologies of the various countries. 

Let “U, 7 =1,2,-+-+-+,J, denote a finite dimensional linear space 
called the commodity space of country 7. The elements “ue “U are 
commodity vectors denoting a specification of the quantity of each 
commodity in country 7. We have, then, the world commodity space 
as the Cartesian product of the commodity spaces of the component 
countries*® 


U="UQ@---Q”’U. 


Similarly the world activity space may be decomposed to show its 
structure in terms of the activity spaces of the individual countries. 
Here, however, it is desirable to distinguish the transportation activities 
which connect the various national technologies. 

A transportation activity has the effect of transporting a quantity 
of some specified commodity from one country to another. The level 
of the activity determines the quantity transported. The activity is 
thought of as being part of the technology of the exporting country 


” 


2H. W. Kuhn and A. W. Tucker, ‘“‘Non-linear Programming,’’ Proceedings of the 


Second Berkeley Symposium on Mathematical Statistics and Probability, ed. J. Neyman 
(Berkeley: University of California Press, 1951), pp. 481-92. 

’ Let A and PB be sets, then by A‘® B we mean the set of all pairs (a,b) witha € A 
andbeé B. A” P i: called the Cartesian product of A and B. The Cartesian product 
of any number of sets ‘s defined similarly 
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and hence its level is a coordinate of the activity space of that country. 
We assume that transportation is free in terms of resources and that 
if a commodity can be transported between any pair of countries, then 
it can be transported between every pair. 
Write the world activity space X as the Cartesian product of two 
spaces: 
X=XQT, 


where X is the activity space of other than transportation activities 
and T is the space of transportation activities. Further, X and T 
have the structure 


X = "X¥Q--- Q"X, T="TQ---Q”T, 


where "X is the space of activities other than transportation in the 
j-th country and “’T is the space of transportation activities in country 
j. 
It is useful to consider activity vectors of the individual countries 
as elements of the world activity space. The following notational 
convention permits this. Putting the prescript j before an element of 
the world activity space will equate to zero all components which do 
not refer to the j-th country. 

Having factored the activity space, we must now decompose the 
mapping L in a corresponding way. 

The technology of country 7 is given by the restriction of L to ’X.‘ 
For convenience of notation, write 


L=L,. for 7 =1,2,-+-,J. 


Then we may write 
J 
L(x) = >> L(x) for allzae X. 
j=1 
Thus, ’L?x) e U is the vector of commodity inputs and outputs when 
the various available activities (including transportation) are carried 
out at the levels ’x in country j. 

Having already defined the mapping L and ’L, we need only consider 
their restrictions to 0® Tc X and ’7 c X to isolate the transportation 
activities. A typical vector t e 7 has the form 

t => (+++, ‘C5, eee) 9 

4 Let A and B be sets with AC B. Let f be a function (mapping) defined on B. We 

define the function f4 on A by 
Sala) = f(x) for all z€ A 


and call f, the restriction of f to A. Loosely speaking, f4 is the function f considered 
only on A. 
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and the restriction Ing, of L to 0@ T has the form 


Logr = » ‘th(*ds — ‘ds), 


1,4,8 


where 
*d, = (0, wane o-%0, *d;, mrp, i 0) . 


Here i and k range over the list of countries, while § ranges over 
a specified subset of the list of commodities, namely, those for which 
there is a transportation activity available. Thus, if the commodity 6 
is transportable, then ‘t} denotes the amount of it which is transported 
from country 7 to country k. Notice that for fixed k and 4, 
do ‘ti(*ds) 
t 
has as the 8-th component to the k-th subvector the total quantity of 
6 imported by country k. Similarly, 
LD ‘ti(—*ds) 
k 
has as 5-th component to the i-th subvector the total amount of com- 
modity 8 exported to all other covntries by country 1. 
Notice that for every 4, 


Xu Lu 'ti(*ds) + De L “(-'d,) = 0, 


which is to say that the net world export of every commodity is, as 
it should be, zero. 

A commodity for which transportation activities are available will 
be called internationally mobile, or briefly, mobile; those commodities 
for which transportation activities are not available will be called im- 
mobile. 

One of the essential features of the model to be used here is the 
distinction between products and resources. This distinction will now 
be drawn. Suppose that the list of commodities can be broken down 
inte two sub-lists, one a list of products, the other a list of resources 
or factors of production. 

For each j, factor the commodity space “’U of country j into two 
component spaces, “ Y and “’Z, where “Y is the space of products 
and “’Z is the space whose coordinates refer to resources. Thus, “U 
is the Cartesian product of “’ Y and “Z, i.e., 


MT = 2Y@Q (NZ . 


Elements “ue ’’U may then be written 
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(J) 
Ny — (ind) ; Oye XY, I~e NZ, 


We assume that this classification is the same throughout the world 
and hence write 


U=YQZ, 
where 
Y="V®---@”Y, Z="QZQ--- QZ. 


Correspondingly, the coordinates of the mapping L may be relabelled. 

Let 
(G(x) , 

L(x) = (ata)) xex, 
where 

G: X-—Y, H: X—Z, 
and define 

G: X—Y, ‘1H: X—Z, 
to be the restrictions of G and H respectively to *X for each j = 1, 
2; +2, PS: 

In keeping with the notation above, the transportation activitie 
also be separated into those operating on products as against those 
operating on resources. Thus, write G, and H, for the restrictio 
of G and H respectively to 0® 7, and, correspondingly, ’G,,. and ’H,, 
for the restrictions of “G and ’/H to 0®*T. Similarly, G and H, and 
IG, 4H, will denote the restrictions of G and H to X®0 and “X ®@0 
respectively. Thus ’G denotes the flow of products in country j w! 
there is no transportation. 

Each country j is assumed to be endowed with some fixed quantity 
(possibly zero) of each resource. The resource endowment of the world 
is given by a vector 


ceZ. 
The J sub-vectors 
‘ce Ee IZ (j = 1, 2, +++, J) 


into which c can be factored express the resource endowments of each 
of the J countries in turn. 

The limited availability of resources imposes a restriction cn pro 
duction, namely, that the activities employed may not require input 


in excess of the amounts available, including imports. This rest 
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is expressed by the constraints 
’H(’x) s 4¢ + ie ‘H, ('V) (i, I = F Z, aha J) . 
ry 


Notice that if no transportation of resources is possible, these in- 
equalities express the usual restriction imposed on production in each 
country by the requirement that its use of inputs not exceed its 
resource endowment. 

Equivalently, we may define 


’F (C2) = 4e + be ‘H,,(‘t’) 1h ’H (x) (i,j = 1, 2, el % J) ’ 
tJ 


and require 
Fx) =>0 (j =1,2,+++,J). 
From the viewpoint of the world as a whole, define 
F(x) 
F(z) =| FC) 
J F(z) 
The requirement is, then, 
F(z%)20. 


In the preceding discussion two classifications of commodities have 
been made, resulting in the four categories of commodities shown in 
the table below: 


Product Resource 





Internationally mobile I Ill 














Internationally immobile II IV 





The classical thevrists assumed that Classes II and III are empty, 
i.e., that all products are internationally mobile, and all resources inter- 
nationally immobile. Indeed, some have taken this to be part of the 
definition of international trade. We assume that each of the four 
classes may have members and extend the notation as follows in order 
to facilitate drawing the various distinctions: We use the symbol * 
to indicate a mobile commodity and the symbol $# to indicate an im- 
mobile one and suppose that the list of commodities is the same for 
ali countries. Then let Class I be indexed by a* = 1*, --+, A*; Class II 


5 J. Viner, Studies in the Theory of International Trade (New York: Harper & Brothers, 
1937), p. 597 
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by a? = 1!,---, A*; Class ill by 8*=1*,---+, B*; Class IV by A'=1!, ---,B', 
where A* + A’ = A is the number of products, and B* + B' = B is the 
number of resources.” 

This indexing of Classes I through IV corresponds to a listing of the 
coordinates of the following sub-spaces. 

We already have factored the commodity space U as 


U=YQZ. 
Write 
Ye Y*@Y', and Z=Z*@Z', 


where Y* is the space of mobile products, Y* is the space of immobile 
products, Z* is the space of mobile resources, and Z* is the space of 
immobile resources. Under the assumption that mobility of commodities 
is independent of the countries involved, we may write, 


Y* ='Y*®---@/7Y"*, Y's 'Y*®---@®/Y', 
Z* ='Z* @®---@7Z"*, Z* ='Z*®@--- Q’Z!. 


2.2 Efficiency. Efficiency refers to points in the commodity space; 
a point is said to be efficient if it can be produced with the available 
technology and resources, and if no other point can be produced which 
gives a larger output of some commodities with no smaller output of 
any commodity. 

We consider the usual preference or efficiency ordering, >, defined 
on the commodity space, where, as usual, 


a>b means a, = Db, for every i, and a, +}, for some i. 


Consider the preference ordering as defined only over the space Y 
of products, rather than extended over the space U of all commodities. 
There is a slight gain in generality in this procedure, since, by in- 
cluding suitable identity mappings in the technology we may relabel 
those resources which are in themselves objects of tility so that they 
appear under an alias in the list of products as well as in the list of 
resources. 

We apply the concept of efficiency to both the commodity space U 
of the world and separately to the spaces “ U of the individual countries. 
The concept of efficiency gives rise in a natural way to the related 
notion of efficiency in the activity space. A point in the activity 
space is called efficient if its image is an efficient point in the commodity 

6 There is a certain ambiguity in this notation in that it is impossible to distinguish 


e.g., between a* = 3* and s* = 3*. However, since this question will never actually 
arise, I shall use the notation. 
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space. Thus, 
DEFINITION 2.2.1. The point x e X is called world efficient if, 
(1) F(z)20, 

and 


(2) there is no x’ € X satisfying (1) for which G(x’) > G(z). 

DEFINITION 2.2.2. The point "% e “X is called locally efficient for 
j =1,2, +++, d, #f, 

(1) FZ) 20, 
and 

(2) there is no ’x’ e'x satisfying (1) for which G2’) > G(2). 

It is clear that world efficiency and local efficiency are closely related 
concepts. It follows from the definitions alone that world efficiency 
of production implies local efficiency of production in every country. The 
converse, that local efficiency of production in every country implies world 
efficiency, is not true in general. For the present, without introducing 
new concepts, it may be said that when no transportation is possible, 
local efficiency in every country implies world efficiency. These rather 
obvious facts are stated ‘‘for the record’’ in the following theorem. 


THEOREM 2.2.1.’ (a) Let xe X have sub-vectors "re "X, j =1, 
2,--+,J as “‘components.”’ If x is world efficient, then “x is locally 
efficient for each j = 1,2, «++, J. 

(b) Let A* = B* =0, 1.¢., let there be no transportation activity 
in the technology. Let x¢ X have ‘‘components” %%e%X, j =1, 
2,--+,d. If %% is locally efficient for each j = 1,2, +++, J, then z is 
world efficient. 


2.3. Efficiency and prices. In order to specify more precisely the 
relationship between world and locally efficient points it is necessary 
to introduce prices. As many have already observed, prices arise quite 
naturally in this context, for the concept of efficiency is intimately 
related to that of intrinsic prices and indeed implies their existence 
(in the mathematical sense) independent of the existeace of such 
institutions as markets. 

The existence of prices associated with efficient points, i.e., efficiency 
prices, has been established by Koopmans for the case where G and 
H are linear transformations.’ A generalization of some of Koopmans’ 

* For a proof of this and subsequent theorems given without proof see S. Reiter, 
Efficiency and Prices in the Theory of an International Economy, University of Chicage 
Libraries, 1955. 

* T. C. Koopmans, ‘Analysis of Production as an Efficient Combination of Activities,” 


Activity Analysis of Production and Allocation (New York: John Wiley and Sons, 1951. 
pp. 33-97. 
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results to the case where G is a concave function,’ H is convex, and 
both are differentiable has been given by Kuhn and Tucker.” We 
shall make extensive use of the Kuhn-Tucker results below and there- 
fore quote the main theorems here. 


Kuhn-Tucker Theorems. 


DEFINITION 2.3.1. (a) Let Gand F be concave" differentiable map- 
pings 
G:X—Y, F: X¥—-Z. 
Then «x € X is called a solution of the vector maximum problem if 
F (x) => 0 and there is no x’ € X satisfying F(x’) = 0 with G(z’) > G(x"). 


The fundamental results of Kuhn and Tucker can now be stated. 


THEOREM 2.3.1. (Equivalence theorem, Theorem 6 of Kuhn and 
Tucker.) Let the mappings 
G:x-—Y, F:X—-Z 


be concave and differentiable. Then x is a proper™ solution of the 
vector maximum problem if and only if for some vector p > 0, x° and 
some vector q° = 0 satisfy 


pG(xz) + PF (x) S pG(x) + @ F(a’) S pG(x") + qF(x’) 
for all e=0, gq=0. 


Thus there is a pair of vectors associated with every efficient point. 
The vector p has the interpretation that its components are prices 
of those commodities which are desired. These prices must be strictly 
positive. The components of the vector g are the prices of resources. 
These prices may be zero but not negative. 

Conversely, if for a given positive price vector p there is a non- 
negative vector g° of prices of resources, such that some 2’ satisfies 
the saddle point inequality of Theorem 2.3.1, then 2° is efficient. 

We also quote the necessary and sufficient conditions for a saddle 
value of the function 

® See footnote tu Definition 2.3.1. 


© Kuhn and Tucker, op. cit. 
‘1 Let © be a vector valued function defined on a convex set X. Then G is called 


convex if 

G(Oz + (1 — O)az) S OG(a1) + (1 — O)G(a2) O0s6s1) 
i.e., if the line segment joining any two values of the function lies above the graph of 
the function. 


The function G is called concave if-—G is convex. 
2 A proper solution is one that can be recognized by differential conditions. See Kuhn 


and Tucker, ibid. for a precise definition 
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(x, q) = pG(x) + gF (x), 


which give further insight into the ecomomic relevance of Theorem 
2.3.1 and the interpretation of p and q as price vectors. 


THEOREM 2.3.2. Let the mappings 
G:x-—Y, F:X—-Z 


be concave and differentiable, and for p>0O, let (x, q) = pG(zx) 
+ qF(x). Then, necessary and sufficient conditions that 


2,7) SHz’,7) SdH2’,q) forallxa20,q20 


are 

(1) #250, d’=0, #20; 
(2) #20, Ha =0, G20; 
where 


$= ra , $= Liekon : 


These conditions may be interpreted as equilibrium conditions charac- 
terizing an organization of production in which each coordinate of xz 
is controlled by a manager, while prices are generated or promulgated 
by some independent agency. 

Condition 1 states that no activity shall earn positive profits as 
computed using the announced prices, and that no activity which earns 
negative profits shall be carried out. 

Condition 2 states that the resource restriction must not be violated, 
and that prices of resources in excess availability shall be zero. 


2.4. World and local efficiency and prices in the presence of trans- 
portation activities. In this section we apply the theorems of section 
2.3 to make precise the relationship between world and local efficiency 
when transportation activities exist. As one would expect, if world 
production is world efficient, then it follows that every component 
part, so to speak, cannot be improved locally and hence is locally ef- 
ficient. On the other hand, the local efficiency of production in every 
country does not by itself insure that world production is world 
efficient, for this fact gives no assurance that the various economies 
mesh properly. If all the countries have the same valuation of the 
commodities which connect them, however, then local efficiency implies 
world efficiency. This is made precise below. 

We use the letter p to denote the world vector of prices of final 
commodities; the subvector ’p, 7 = 1, ---, J, will denote the prices of 
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final commodities in the j-th country. Similarly, denote by q the world 
vector of resource prices and by ’g, the prices in the j-th country. Re- 
calling the distinction between mobile and immobile commodities, we 
write ’p, to denote the subvector of prices of mobile products in the 
j-th country and ’p, to denote the subvector of prices of immobile prod- 
ucts. Similarly, ’g, will denote the vector of prices of mobile resources 
in the j-th country, and ’g,, the vector of prices of immobile resources. 


DEFINITION 2.4.1. We say that p’, q’, x° (or *p°, ’q°, /x°; 7 =1, «++, J) 
are associated whenever the saddle point inequality of Theorem 2.3.2 
is satisfied for p’,q’, and x° (or *p°, ’q°, *x"). 

We say that p’(or ’p") is a price vector associated with the efficient 
point x’ (or ’x°) whenever p’, q’, x’ (or *p’, ’q°, ’x°> are associated for some 
q’ (or *q°). 

Similarly, we say that x°(or ’x) is an efficient point associated 
with the price vector p’(or *p’) whenever p,q’, x° (or *p’, gq’, ’x°) are 
associated for some gq’ (or ’q°). 


THEOREM 2.4.1. Let the mappings 
G:x-Y, F:X-Z 


be concave and differentiable, and let them include transportation 
activities. Then, if x is world efficient, it follows that there exist 
price vectors, p,q’ associated with x° such that 


RB=p, and GQGd=a for 7 =1,2, «++,J. 


Proor. Applying the equivalence theorem of Kuhn and Tucker 
(Theorem 2.3.1), the world efficiency of x° implies the existence of 
p?>O and ¢ such that (z’, q’) satisfy the saddle point inequality for 
the function 


G(x, g) = G(x) + F(x). 


Therefore, it remains only to show that ’p° are the same for all j, 
and similarly that ’p\ are the same for all 7. 

Applying Theorem 2.3.2, which states necessary and sufficient con- 
ditions for a saddle value of ¢ at (z’,q°), the world efficiency of 2° 
implies ¢2 <0. In particular, for those components of x which refer 


to transportation, i.e., for those in 7, it follows that, 





OP at ty < OP ty _2p 
atte = Pa Mn 30, Ott Po , > TP 
for a=1*,-++,A*; 1,4 =1,2, +++, J. 
Similarly, 


= e 
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oy Th GSO, py = "GSO, 
for 8 = 1*, «++, B*; i,k =1, 2, «++, J. 
It follows that 
‘gf =", and ‘i= for i,k=1,-->,J7. 


We may call the common values p® and g, respectively. 

Before stating the converse of this theorem, we notice that Theorem 
2.4.1 asserts that world efficiency implies that the prices of mobile 
commodities are the same in all countries, when transportation is cost- 
less. This, of course, would be a consequence of the existence of free 
international trade. What is of greater interest is the converse, 
namely, that local efficiency with international equality of prices of 
mobile commodities is sufficient for world efficiency. Since free inter- 
national trade is supposed to guarantee the international equality of 
the prices of ‘‘tradable’’ commodities (and free competition the local 
efficiency of production), this converse is very close to being a state- 
ment of the classical welfare theorem of international trade theory. 
This question is discussed in Section 2.5. 


THEOREM 2.4.2. Let the mappings 
G:x—Y, F:X—-Z 
be concave and differentiable and let them include transportation 
activities. Let x have subvectors ’x° (j = 1,2, +++, J), and Jet ’x° be 
locally efficient for each j =1,2,+++,J. Then, if there are *p° and 
’g® associated with ’x° such that 
pt, = p and Gg= for j7=1,2,+++,J, 

then it follows that x° is world efficient. 

Proor. For any ’p’ and ’g° associated with ’x°, we are assured by 
Theorem 2.3.1 that 

Ip Gx) + 4g Fx) <p Gx") + ‘a Fx") < 'p'Gex") + 44°F Cx") 

for all 2 => 0, “g@20 and j =1,2,---,T. 

From the hypotheses of the theorem we see that there is a p°® and 

a q’ with 


R=, G%=G forj=1,2,-++,J. 
Substituting in the inequalities above and summing on j yields that 


pG(x) + ¢ F(x) s pG(x") + oF (2) s v'G(z’) + qF(z’) 
for all x 2>0,¢20, 
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which implies the world efficiency of 2’. 


2.5. Competition and efficiency; The Classical Welfare Theorem. 
The results obtained in the earlier sections characterize efficient world 
production in a manner free of any assumptions regarding the insti- 
tutional structure of production, including transportation of commodities. 

These results consist of characterizations of locally and world efficient 
production in terms of prices and in terms of the relationships between 
production in the various countries. Thus, the results constitute a 
solution of one of the classical welfare problems, namely, to find the 
set of statically efficient international specializations of production, 
given the technology and resource endowment of the world. A second 
classical welfare problem remains: Is the organization of production 
according to the institutions described by free trade and competition 
sufficient to achieve (in the static sense) efficient world production? 
The answer is, of course, yes; milking of the Kuhn-Tucker results to 
obtain a rigorous establishment of this theorem is the task of this 
section. 

Production, including transportation, is carried out by firms, each 
firm comprising one basic activity; taking prices as given to it inde- 
pendent of its actions, each firm strives to maximize profits. Prices 
are determined by (unspecified) market interactions, so that the familar 
conditions for competitive equilibrium are fulfilled, to wit: Each firm 
is maximizing its profits, going out of production if the maximum is 
negative. In equilibrium no firm earns positive profits, and the value 
in equilitrium prices of unused resources is zero. We have, in addition, 
the conditions implied by the institutional fact that prices are non- 
negative and the technological facts that activity variables are non- 
negative and that the rate of resource utilization cannot exceed the 
limited availability of resources.“ These conditions fulfill precisely the 
conditions of Theorem 2.8.2. These conditions are necessary and suf- 
ficient for a saddle value of the Lagrangean function ¢(z, g) and hence 
for the world efficiency of production. 

The sufficiency of the competitive organization of production for 
(static) efficiency is summed up in the following statement of the 
classical welfare theorem of international trade theory. 


THEOREM 2.5.1. Let the mappings 
G:x-—Y, H:X—-Z 
be concave and differentiable. Let the world technology be organized 


18 See P. A. Samuelson, Foundations of Economic Analysis (Cambridge, Massachusetts: 
Harvard University Press, 1948), pp. 73-89. 
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according to the rules of perfect competition. Then, if x is an activity 
vector which is carried out in competitive equilibrium, it follows 
that x is also world efficient. 


8. FACTOR PRICES 


3.1. Introduction. We are now ready to turn to the factor price 
equalization problem. As we have just seen, world efficiency of pro- 
duction implies (and hence for any equilibrium point of a freely trad- 
ing competitive international economy it follows) that the prices of 
mobile commodities can be taken to be the same in all countries. 
Because of the technological interconnections among all commodities 
in any one country, if not by reason of earlier theorems, it is plausible 
to expect that the prices of immobile commodities be related to the 
prices of mobile ones. Specifically, the question is whether world 
efficiency implies that the prices of internationally immobile commodities 
must also be equal in different countries. 

Samuelson“ has shown that if: 

(a) all products are mobile and all resources immobile; 

(b) all countries have the same technology; 

(c) constant returns to scale prevail in all lines of production; 

(d) there is no joint production; 

(e) a certain regularity condition, Lemma 3.3.1 below, (generally 
interpreted in terms of non-reversibility of factor intensities in 
production) is satisfied by the production functions; 

(f) the number of products is at least as large as the number of 
resources; 

(g) free international trade and perfect competition prevail; 

then the (real) prices of the factors of production wil: be the same in 
all countries. 

We shall here weaken assumptions (a), (b), (c), and (e), and under 
the weaker conditions derive necessary as well as sufficient conditions 
for factor price equalization. 

Before modifying the model of Part 2 to reflect the assumption that 
there is no joint production we give, for the record, one obvious 
necessary condition for factor price equalization. 

It is clear that the equalization of factor prices at a world efficient 
point 2 implies that all countries have the same effective resource 


‘4 P. A. Samuelson, “International Trade and the Equalization of Factor Prices,’’ Eeco- 
nomic Journal, Vol. LVIII (June, 1948), pp. 163-184; ‘‘International Factor Price Equali 
zation Once Again,’’ Economic Journal, Vol. LIX (June, 1949), pp. 181-197; ‘‘Prices of 
Factors and Goods in General Equilibrium,"”” The Review of Economic Studies, Vol. XX! 
(1), No. 54 (1953-1954), pp. 1-20. 
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limits. This is readily seen from the fact that among the necessary 
conditions for a saddle-value of the Lagrangean function of Theorem 
2.3.2 are that 


$3, = qe —*H('x))=0 ‘G20, 


and 
$i, = Cc —*H('x))>0. 
Now suppose 
g="q for all j, 7’ =1,2,---, J, 
and suppose 


4q,>0 for some j and some coordinate 4. 
This implies ’g¢, > 0 for all 7 and hence that 
So, = 4H (’z) for all j. 

8.2. Model of technology assuming no joint production. The ab- 
sence of joint production permits the identification of each activity 
with the single product which it produces. We can then distinguish 
without ambiguity the inputs or resources used in that activity. The 


following notations take advantage of this fact. 
Recall the space of resources, 


Z="ZQ@>+--Q”Z, 
and of products, 
Y="Y@®@---Q”Y. 
Denote by “z’ the quantity (flow) of the a-th resource which is used 
in the production of the 5-th product in the j-th country. 
Let 1/2”, 7 = 1,2, +++, J, denote the Euclidean space whose elements 
are the vectors with components ‘z3, where 5 runs through all products 


(the coordinates of 7Y) and @ runs through all resources (the coordinates 
of *Z). Let 


Z> = JQ... QZ, 
Production can be represented by mappings 
G:Z°-Y, H:Z°—Z. 
The component ’g’ of G depends only on those coordinates ’z5 of Z? 
for which 1 = j and ¢=68. The mapping H has the form 
A@) =D, zeZ”. 
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For a given vector c e€ Z, write 


P=c-—H. 

This formulation is, of course, the traditional production function 
representation of technology, except for the formality that the func- 
tions are defined with all inputs as arguments in all functions. How- 
ever, we write as different from zero only those components on which 
the values of the functions actually depend. Then, the arguments of 
the 8-th production function in the j-th country are the inputs used 
in producing commodity & in country j. 

Moreover, this model is a special case of the Kuhn-Tucker non-linear 
activity analysis model discussed in Part 2. Identify the space Z” 
with the space X, the mapping G with the mapping G, and the map- 
ping H with the mapping H. The spaces Y and Z are the spaces Y 
and Z of Part 2. With these identifications, the following theorem is 
true. 


THEOREM 3.2.1. Let the mapping G:Z°—+ Y be concave [A is con- 
cave, since it is linear] and differentiable. Then, the world efficiency 
of the point zeZ” is equivalent to the existence of a vector p>0 
such that z and some vector q 20 satisfy the saddle point inequality 
for the function 


#2, q) = pG(z) + qF (2). 
We now define precisely what we mean by factor price equalization. 


DEFINITION 8.2.1. Let z¢ Z” be a world efficient point. and let p 
and q be price vectors associated with it. We say that factor prices 
are equalized whenever 


‘py ='*p, and ‘q,= ‘gq, for all 1,7 =1,2,+++,J, 


for arbitrary choice of price vectors p and q associated with z. 

The problem at hand, then, is to find such necessary and sufficient 
conditions that the price vectors associated with a world efficient point 
satisfy the condition for factor price equalization. 


3.3. Two countries, two mobile products, two immobile resources. 
In order to avoid the notational complexities involved in the many- 
dimensional general case, we treat first the simplest non-trivial case, 
that involving just two mobile products, two immobile resources, and 
two countries. Thus, 


ASSUMPTION 3.3.1. (1) A?’ = B* =0. (2) A*=B'=2, (8) J=2. 
This assumption permits the following notational simplification. 
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DEFINITION 3.3.1. Let 


r= "24, uU, = 2), (¢ = 1,2) 
Y, ='*2,, Y%, = "2%, (i = 1, 2) 
C= Cs ’ d, = "Cs ’ (4 => » & 2) 


f(,)='9(), M,)='9"%"), 
9 ,)='9(), M,)=79"). 


Here 2, y, f, and g refer to country 1, while u,v,h, and k refer to 
country 2. The subscrivt refers to the input commodity, the letter 
to the output comodity. Thus, z, is the amount of the first input 
used in producing commodity 1 in country 1; u, denotes the correspond- 
ing quantity in country 2. Further, note 

fiz= Of (xi, #2) fi = Pf (xi, 3) 


’ 


0x, 02,02, 


and similarly for the derivatives of other functions. 
Using the new notation, the Lagrangean function ¢ of Theorem 
8.2.1 becomes (writing x for the vector of inputs), 


Hx, F, 7) 
ee Co hag %) + DY, Ys) + Tle, — (%, + y,)] + Ge, — @ + wll) 
p,h(u,, U2) — p.k(v,, Vv.) + 7,[d, — (u, i v,)] + ?,[d, cae (u, + v;)] 


We are, as has been pointed out above, interested in the prices as- 
sociated with a world efficient point. Theorem 3.2.1 applied to the 
case at hand informs us that world efficiency is equivalent to the 
attainment of a saddle-value of the function ¢(z, 7,7). Further, we 
can apply Theorem 2.3.2 to obtain some conditions implied by such a 
saddle value. Thus, 


THEOREM 3.3.1. If the function ¢( , , ) has a saddle-value at the 
point (x, 7,7), then it follows that 


Pi-% 39, DA—-%S0, 
P-% S09, pke—- 750, 
Brus, Uu+uUusd,, 


where i=1,2. Since p, > 0 and p, > 0, we can perform the following 
normalization without changing the inequalities in any essential way. 


Let 


a=“, p=, n=, G=1,2). 
D, DP, Ds 
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We are here interested only in the case of an interior saddle-value.” 


Thus, we assume that all relevant quantities are positive. 


DEFINITION 3.3.2. The world efficient point x is called unspecialized 
if the components 2, Loy Yrs Yor Ury Ur» Vy, Vz» ANA Gy, Qy T,, and r, are all 
positive. 


ASSUMPTION 8.3.2. The point x is unspecialized world efficient. 


In the light of Theorem 2.3.2, this condition implies that the in- 
equalities of Theorem 3.3.1 are in fact equalities. Thus, the un- 
specialized world efficiency of x implies that there exist solutions p, 
Gs» Yar Vip Lay Yr» Yo» ANA P, 1;, Toy Urs Us, V;, V, Yespectively to the equation 
systems 


rmh—-qa=, ph,—r,=0, 
(3.3.1) 9--%=0, k—r,=0, (i = 1, 2) 
UyruU=ca, utu=d,. 


Now the first column of equations (those referring to country 1) is 
a system which determines 2,, %,, y,, Y¥:,9;, and q, in terms of p, c,, and 
c,; the second column determines u,, u,, V,,V., 7,, and r, in terms of p, 
d,, and d,, provided an unspecialized world efficient point exists for 
the specified p,c,,c¢,,d,, and d,. The existence of such a point implies 
the existence of solutions of these equations. The factor price equali- 
zation problem reduces to the question, ‘‘Do these solutions have the 
property that 


a@=7,, and g,=7; 


for an arbitrary choice of g and r associated with the unspecialized 
world efficient point?’’ 

Thus, the first problem to settle is that of the existence of world 
efficient points. This can be guaranteed by one of a variety of con- 
ditions. The simplest course here is to assume the existence of an 
unspecialized, world efficient point. 


ASSUMPTION 3.3.3. There are unspecialized world efficient points. 


Having assumed the existence of unspecialized world efficient points, 
and hence of the solutions to the equations at hand, we are prepared 
to discuss the nature of these solutions. 

It is clear that if we are to have factor price equalization two 
further conditions must hold: 


8 The effect of this limitation on the generality of the analysis in many dimensions 
is discussed in Section 3.7. 
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(1) The solution for q,,q, and 7,,7, cannot depend on ¢,,c¢, and d,, 
d, respectively. 

(2) The solutions must be unique. 

It is evident that if the solutions depend on the resource endow 
ments ¢,,¢,, and d,,d,, then we cannot have factor price equalization 
for all p > 0 and all ¢,, ¢,, d,, d,. 

Second, if at a world efficient point there exist two distinct solutions 
for r,, 7, say, then there is at least one choice of price vectors which 
has the property that 


1#7,, and ¢,+%,. 


Consequently, we must look for conditions under which there exist 
unique solutions q,,qg, and 7,, 7, of the equations (3.3.1) which do not 
depend on ¢,,c, and d,,d,. Thus, we may drop the equations involving 
C,, C,, d,,d, and investigate the remaining system, namely the system 


(3.8.2) Pi—- Ya =0, ph,—7r,=0, (i = 1,2). 
%i—-%=0, k—r,=0, 


Now, the system of equations (3.3.2) falls into two sub-systems, those 
referring to country 1, and those referring to country 2. Each sub- 
system involves seven variables; for country 1 they are p, %,, 2, Y,, Ys 
q:,9:; for country 2, Pp, U,, Us, V;, Vz, 1%, 7. The functions f,g and h,k 
are in general all different. The question is, ‘‘What conditions on 
these functions will imply solutions g,, ¢, and 7,, 7, such that for each 
p>d0 

%@=7,, and qg,=7, ?” 


That is, under the Assumptions 3.3.1, 3.3.2, and 3.3.3, we wish to 
find conditions which are sufficient for factor price equalization. The 
following theorem states these conditions. The interpretation of them 
will be discussed below. 


THEOREM 3.3.2. Let V( , ) and W(, ) be continuously differentiable 
functions of two variables such that” 


(1) V, #0, 
tv, V; 
(2) | w, w|*?: 


If for such V, W the functions f,g,h, and k satisfy 


1% The notation # is read “‘identically different from.’’ As above, the subscript i 
denotes differentiation with respect to the i-th variable. The symbol |A| denotes the 
determinant of A. 
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Vis, ft, =0, Vik, hb.) =0, 
W(g9,9:)=0. Wk,, k.) =0, 
identically in their arguments, then equations (3.3.2) have for each 
p>0”" a unique solution ¢,, 9» 11 7, with the property that 
Ga=f7,, and @q@=%, 


i.e., the conditions stated are sufficient for factor price equalization. 


Proor. Rewrite equations (3.3.2) to eliminate q,,q,,7,, and 7,. 
Thus, 


rMi—- K=O, ph,—k,=0, (¢= 1,2). 
From the hypotheses of the theorem we have in addition the equations 
Vif, tf) =O, Vth, h) =0, 
W(9,,9,)=0, Wk,, k) =0. 


Consider the sub-system of four ecuations referring to country 1. 
It follows from Assumption 3.3.3 that this sub-system has for each 
p> 0a solution f°, f}, gi, g3. But, considering the derivatives /,, /,, 
91,9, as the variables, the equations referring to country 2 are the 
same as those referring to country 1. Consequently, any solution for 
the equations of country 1 must also be a solution of those referring 
to country 2. That is, if f?, f?, g!, gi constitute a solution for country 
1, then h’, hi, k?, k2 where 


0 


hi} =f; ’ hi = . KR=g, ki = 93 


constitute a solution for country 2. 
It remains to show that there can be just one solution for country 1. 
Consider the system 


Pf,—- 9, =9, Vif. J.) =0, W(9.,9:) =90, (#=1,2). 


Its Jacobian is 


p 0 —1 0 
0 p 0 —-1l 
a... = 0 
0 0 WwW, W, 


Interchanging the first and third column yields the Ueterminant 


‘t By considering p as a given quantity which can have any positive value, we provide, 
as remarked above, for the totality of possible demand configurations. 
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—-1 0 p 0 
0 p 0 —1 
oe vy F 0|’ 


W, 0 0 W, 


which has the property that its successive principal minors 


D,=-1, D,=|~* we 
0 p 
© oe p —-1 0O p 0 
D, = 0 Pp 0 , D,= 0 Pp 0 —1 
ov, Y, 0v% VY 0 








W, 0 0 W, 


are identically non-vanishing in consequence of the hypotheses con- 
cerning V and W. Thus, the hypotheses of the following lemma are 
satisfied, and hence its conclusions apply and the uniqueness of the 
solution /?, /?,9!,93 is proved. These hypotheses are assumed by 
Samuelson and interpreted in the two product, two factor case to 
require non-reversal of relative factor .intensities. 


LEMMA 3.3.1. Let f‘(w,, w,, +++, W,)A, Sw, Se, (i = 1, 2, +++, n) be 


n functions of n real variables and let the f* be continuously dif- 
ferentiable. A sufficient condition that the equations 


fw, re W,) =a' 


have at most one solution w, wi, +--+, w), is that there exist a number- 
ing of the functions and variables such that the successive principal 
minors 








af: af? ae oie ae 

D= of? a4. dw, dw, i "1 Ow, 
a. Ow, , a af? af? ’ , “loos ° . 

ow, dw, ae of” 

dw, Ow, 








be identically non-vanishing in w,, +++, W,." 


Returning to the proof of Theorem 3.3.2, we now have a unique 
solution f?, f2, 92, 93 of the equations for country 1, and similarly for 
country 2 with AS =f’, R= f?, R=g, A=g}. Substituting these 
values in equations (3.3.2) we find solutions for q,, q,, 7,, 7, which must 
then have the property that 


8 A proof of this lemma is to be found in P. A. Samuelson, ‘Prices of Factors and 
Goods in General Equilibrium,”’ The Review of Economic Studies, No. 54 (1953-54), p. 16. 
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a=, q, = 1, for all p>0O. 


Before discussing the meaning of the conditions of Theorem 3.3.2, 
we present a necessary condition for factor price equalization. This 
condition s.rongly suggests that the sufficient condition just stated is 
the weakest possible sufficient condition (apart from trivial modifications). 

Consider equations (3.3.1). Under Assumptions 3.3.1 to 3.3.3 these 
equations have for each p > 0 and every ¢,,¢,,d,,d, a positive solu- 
tion 2, 23, Wi» Yr» Ui, Wa, Vir U2r Vis Var Tir T2- 

Consider the sets of positive points x = (2,, Ls Yr» Yor Uy, Us» Vy, V2) Which 
are for some p > 0, ¢,, ¢,, d,, d, involved in a solution of equations (3.3.1). 
These points are world efficient, forming a subset of the world efficient 
points characterized by the fact that both countries produce both com- 
modities. 

Further, for every point x having the properties that 

(1) for some p> 0,¢,,¢,, d,,d,,z is world efficient, and 

(2) 2 is strictly positive, 
it follows that x belongs to the set in question. This set is the set 
of unspecialized world efficient points. 

In general the set of unspecialized world efficient points is a ‘‘curve’’ 
(possibly a domain) in the activity space. It is necessary for factor 
price equalization that the production function f,g,h, and k, satisfy 
relations of functional dependence among its derivatives on the set of 
unspecialized world efficient points. 


THEOREM 3.3.3. For every solution q,, 4: 7,7, which equations 
(3.3.1) have for each p> 0 and ¢,,¢,, d,,d,, let it be true that 


%=7,, and ¢=7;. 


Then, it follows that there exist functions V and W of two variables, 
such that f,g,h, and k satisfy 


Vif, fi) =0 , V(h,, h,) =0 ’ 
W (9, 9.) =0 , W(k,, k,) = 0, 
for 2, an unspecialized world efficient point. 


Proor. That 
qa=7,, and ¢g,=7, 


for all p> 0 and all ¢,,¢,, d,, d, implies 

(1) that the solutions q,,¢,,7,, and 7, are independent of ¢,,¢,, d,, 
d,, and 

(2) that g, and gq, are uniquely determined by p, given f and g. 
Thus, there are functions a( ) and 9( ) such that 
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% = a(p), q. = Alp) , p>o 
and, from the hypotheses, r, and r, are the same functions of p 
r, = a(p), r, = A(p), p>o. 
Substitution in equations (3.3.1) yields that 
f, = a(p)/p = h,, 9, = a(p)=k,, 
f, = A(p)/p =h, , 9, = A(p) = k,, 


which implies the existence of the functions V and W asserted in the 
conclusion of the theorem. 


3.4. Analysis of the conditions for factor price equalization. The 
sufficient condition of Theorem 3.3.2 was expressed by requiring the 
existence of functions V and W of two variables such that the de- 
rivatives of the production function, i.e., the marginal productivities, 
satisfied the conditions 


Vitis F,) = 0 ’ V(h, h,) = 0 ’ 
W(g9:,9:) =9, W(k,, kh.) =0, 


identically in the respective inputs. These conditions obviously con- 
stitute restrictions imposed on the production functions. We now ex- 
plore the nature of these restrictions. 

The question has two parts. First, what restriction is imposed on 
a production function /f(z,,z,.) by the requirement that it satisfy 
V(S,, f:) = 0? Second, what additional restriction is imposed by requir- 
ing that both f and A satisfy the same condition? 

Consider the first question, which involves the concept of functional 
dependence. The requirement that the derivatives of the production 
function satisfy the condition 


Vif fi) =0 


for a non-trivial differentiable function V amounts to requiring that 
the functions /,(z,,2z,) and /,(x,,2,), i.e., the marginal productivity 
functions, be dependent. More precisely, 

DEFINITION 3.4.1. Let u(x, y), v(x, y) each be functions of two vari- 
ables having continuous first partial derivatives. We say u and v 
are functionally dependent if, for each point (x,y) of some domain 
D of the (x,y) plane, u and v satisfy 

V(u, v) = 0, 


where V is a differentiable function of two variables such that 
V. and V, are never simultaneously zero at any point (u, v). 
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The well-known necessary and sufficient condition that two (regular) 
functions be functionally dependent is that their Jacobian should vanish 
identically in some domain.” 

Applying this theorem on functional dependence to the partial de- 
rivatives of the production function, we find that, 


THEOREM 3.4.1. The function f(z,,2,) satisfies V(f,,f.)=0 for 
some V if, and only if, f satisfies the differential equation 


Suta— fi =. 
This differentia! equation is well known; it characterizes the class 
of developable surfaces.” 
A surface S(zx, y, z) = 0 in the (x,y,z) space is called developable if 
it can be rolled out (or developed) on a plane without stretching or 
contracting any part of it. 
For example, a cylinder is developable; a sphere is not. Developable 
surfaces are classified into three types, namely, (a) cones, (b) cylinders, 
and (c) tangent surfaces of skew or twisted curves. (A curve in space 
is called skew or twisted if it cannot be contained in a two d.men- 
sional plane.) ' 
It is true of a developable surface that through any point there is 
a line segment which is contained in the surface. We may use this 
fact to look further into the relationship between the function V( , ) 
and the surface. Following a suggestion of Koopmans, we write the 
line through the point (z’,z’, y’), where z° = u(z’, y’) as 
aqne2+ Am, Yt, eHj=er’+aw, yt, y~Ouyvrt+ro@,yh. 
The condition 
a 
ap) — u(x(t), y(t))}.a0 = 0 

gives us that 
(aut, + ay(ul, + wh) + (Pus = 0, 


where the superscript 0 represents the arguments (2’, y’) of a, y, and 
the u,,. Rewriting the above we have, 


en Ss]-°. 
Since u,, = u,, and the rank of 


#9 R. S. Burington and C. C. Torrance, Higher Mathematics (New York: McGraw-Hill, 
1939), pp. 140-141. 

*” L. P. Eisenhart, An Introduction to Differential Geometry (Princeton: Princeton 
University Press, 1947), pp. 53 ff 
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[% ped 
Un Usa 
is 1, the equation above reduces to 


[a’, ¥"] bey ef =0 

Un Us, 

where the rank of [u?,] is assumed different from zero. 
Differentiating 


V(u,, U,) = 0 
with respect to x and y yields that 


0 0 
[v, vale MB] =o. 


Now, the direction of [a’, 7’] is the direction of the projection on 
the (x, y) plane of the line through (z’,z’, y°). The argument above 
shows that this direction is given by the values of V,, V,;. These 
values are those that the functions V,( , ) and V,{ , ) take when the 
marginal productivities u? and u} at the point (2°, y’) are inserted as 
arguments. 

Consider now the second question: ‘‘What additional restriction is 
imposed by requiring that corresponding (to the same product) pro- 
duction functions in the different countries satisfy the same condition 
V( , )=0 on their partial derivatives?’’ To translate the condition 
into words, the condition that u(x, y) and u(r, s) are such that V(u,, u,)=0 
and V(v,, v,) = 0 means that given the value of one derivative of u, 
the other is determined, and that the same functional dependence 
exists between the derivatives of v. 

It seems that there is little more one can conclude from these con- 
ditions alone. In order to obtain more specific answers we shall 
impose the following additional conditions on the functions u( , ) and 


oH, ). 


ASSUMPTION 3.4.1. (1) The production surface z = u(z, y) is given 
by a single-valued function u(x, y) defined for all x20, y20, and 
continuously differentiable everywhere except possibly at the origin. 

(2) For all x20, u(x, 0) =0, and for all y2=0, u(0, y) = 0. 


We ask first what these additional conditions enable us to conclude 
about the developable surface z = u(x, y). As the following theorem 
states, these conditions imply that the surface is part of a cone and, 
hence, that the production function is homogeneous of first degree, 
i.e., affords constant returns to scale. 
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THEOREM 3.4.2. Let w(x, y) satisfy Assumption 3.4.1; then, u,,u., 
— ui, = 0 implies that the surface given by = = u(x, y) is a cone. 


Proor: As we have seen, the condition 
UUs — Ui, = 0 


characterizes the developable surfaces. As we remarked above, the 
developable surfaces are completely classified; such a surface is either 
a cone, a cylinder, or the tangent surface to a space curve. We con- 
sider the cases separately. 

(1) If the surface is a cone, the theorem is true. 

(2) If the surface is a cylinder, then it coincides with the (z, y) 
plane, for our conditions state that the cylinder intersects the (z, y) 
plane only in the x axis. Let x be a point of the x axis. Then there 
is a non-vertical line 1, through z°, contained in the cylinder. Take 
x’ + 2° on the gz axis. Then there is a line l,, parallel to 1, through 
z’ and contained in the cylinder. Thus, there is a non-vertical plane 
containing the x axis and contained in the cylinder. The case is similar 
for the y axis. Since these planes are non-vertical, either they coin- 
cide in the (z,y) plane or they intersect. But the differentiability 
conditions, together with the requirement that u(z, y) be single-valued 
and everywhere defined, clearly rule out the case that the planes 
intersect. Hence the surface is the (x,y) plane and a degenerate 
cone. 

This situation is geometrically obvious and hence only a sketch of 
the proof is given. 

(3) Let z=u(z,y) give the tangent surface of a space curve. 
Let r(s) = a(s)i + b(s)j + c(s)k be a space curve, where 7, J, and k are 
unit normal vectors of our space, and a(s), b(s), and e(s) are continu- 
ously differentiable functions of arc length s. 

We may write the surface 


r* = r(s) + AL(s) 
for s in some interval s, <s<8,, —o << o, and where 


t(s) = a’(s)i + b(s)j + e'(s)k , 


where ’ denotes differentiation with respect to the parameter s. Thus, 
r* = [a(s) + ra’(s)}i + [b(s) + b'(s)]7 + [e(s) + re'(s)]k 
for sorne X and s. Hence: 
b(s) + \b'(s) = 0, e(s) + \e"(s) = 0. 


Consider an interval of the x axis containing the point xi. Suppose 
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that this interval is the image of a curve in the (s, X) plane, so that 
» is a single-valued function of s for s’ Ss s 3”".™ 
We have then the differential equations 


b(s) + A(s)b’(s) = 0, e(s) + As)e'(s) = 0, 
which imply 
b(s) = me(s) , m being a constant. 
Therefore, 
r(s) = a(s)i + c(s)[mj + k] for s’' Sss8", 


which tells us that the curve r(s) lies in a plane through the 2 axis. 

Similarly, we arrive at the result that the curve lies in a plane 
through the y axis. Again, as in the case of the cylinder, it is clear 
that these planes must coincide in the (x,y) plane. (Otherwise the 
surface would not be defined everywhere, or would not satisfy the 
regularity conditions imposed.) 

We return now to the second question, ‘‘What additional restriction 
is imposed by requiring that corresponding (to the same product) pro- 
duction functions in different countries should satisfy the same con- 
dition V( , )=0 on their partial derivatives?”’ 

Let u(x, y) and v(x, y) be homogeneous of first degree. We then 
write 


u(x, y) = xcu(l-y/x) = zit), where t = y/z. 


Hence 
u, = —ti'(t) + ut), u, = a(t), 
and 
u, = —tu, + Ut). 
Similarly, if v(x, y) = xd(t), then v, = —tv, + Ot). Now, if v, is to 


be the same function of v, as u, is of u, we must, for each t, have 
o(t) = u(t), which implies v(x, y) = u(x, y). Thus we are able to con- 
clude the following: 


THEOREM 3.4.3. Let the functions f,g,h, and k satisfy the conditions 
of Theorem 3.3.2, and in addition let them each satisfy Assumption 
3.4.1. Then 


f=h, g=k, 


21 If this is not true, then the curve must have a vertical tangent at every point in 
the interior, for our conditions require that the surface intersect the (z, z) plane only in 
the z axis. 
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and these functions are homogeneous of first degree. 

We are now able to see the relationship of our conditions to those 
of Samuelson. 

The proof of Theorem 3.3.3 shows us that the existence of functional 
dependences V, W, among the marginal productivity functions ensures 
the satisfaction of Samuelson’s regularity condition (hypotheses of 
Lemma 3.3.1). 

If, in addition, we make Assumption 3.4.1, the main point of which 
is that some of each input is required to produce a positive output 
of any commodity, then Samuelson’s conditions (b) and (c) above are 
also implied, and we obtain Samuelson’s model as a specialization of 
the one given here. ; 

More precisely, the relationships among the varions conditions can 
be made clear as follows. We first list the following statements: 

A. Production functions satisfy conditions of functional dependence 

among marginal productivity functions. 

B. The same functional dependences are satisfied in both countries. 

C. Production functions afford constant returns to scale. 

D. Production functions are identical in both countries. ~ 

E. A positive amount of every input is needed to produce any 

output. 

F. Factor price equalization prevails. 

Then, Theorems 3.3.2 and 3.3.3 together assert that 


F => (A and B). 

Theorem 3.4.2 asserts 

(A and E) implies C. 
Theorem 3.4.3 asserts 

(C and B) implies D, 
from which it is clear that 

(F and E) implies (C and D). 

Moreover, we see that 

(C and D) implies F, 


since C implies A, and (A and D) implies B. 
This is, of course, the essential content of Samuelson’s factor price 
equalization theorem. 


3.5. A generalization to the case of by-products. We shall indicate 
how the assumption of no joint production can be relaxed slightly. 
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The case of by-products can be handled with no extra work. The key 
fact is that when commodities are produced as by-products it still 
remains true that inputs can be identified with the particular processes 
producing sets of by-products. 

Let the index 6 run through the set of processes (a process produces 
either a single product or a set of by-products). Let the by-products 
of the 5-th process be indexed 6,, 8,,-+-,5,. As in Section 3.2, let 7,8 
denote the quantity of the 8-14 input in the &-th process. Again 
considering the case of two processes, let w,, denote the i-th by- 
product of the k-th process, and write 


Wa = f*(x, 2) ’ We. = g'(Y, Y:) ’ x, + Y; = Cc; ’ (@ = 1, 2) ’ 


where 2, and x, denote the quantities of inputs used in process 1, and 
¥;, ¥, denote the quantities of inputs used in process 2. We have, of 
course, written only the equations for country 1. It follows then that 
the equations obtained in place of (3.3.2) are (for country 1), 


DSi + DSi —-G =O, PGit+ PIi-Ga=O0, («=1,2), 


and similarly for country 2. Here p,; p., p,, p, are the prices of the 
outputs w,,, Wy, Wn, Wy Tespectively. It is evident that the same line 
of argument used in the case already treated applies here.” 


3.6. Generalization to the case of many countries, many protucts, 
many resources. It remains to generalize the results obtained in the 
“2x 2x 2” case (two countries, two mobile products, two immobile 
resources) to the case of many countries, many products, and many 
resources, when both internationally mobile and internationally im- 
mobile ones may be present. The line of attack used in the ‘‘2x2~x2”’ 
case is also used in the higher dimensional case; therefore, we do not 
give the remaining analysis in complete detail, but rather sketch it. 
We carry out the generalization in steps. The first step is to consider 
a larger number of mobile products, of immobile resources, and of 
countries. The second step will be to consider the case in which there 
are only immobile products and mobile resources. The third step is 
to allow both mobile and immobile products together with immobile 
resources, and finally, the last step is to permit mobile and immobile 
products together with mobile and immobile resources. 

After completing this generalization we will discuss the interpreta- 
tion of the conditions for factor price equalization in many dimensions. 

2 Certain other extensions of the analysis in the direction of allowing F(z) to be a 


linear function rather than merely a sum are clearly possible. However, in that case 
the vector gq would no longer have the same interpretation. 
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We shall then discuss the relevance of Assumption 3.3.2, which, in 
effect, assumes that every country produces every commodity. This 
assumption can be weakened considerably, as we shall see. 

Returning now to the model and notations of Section 3.2, recall 
that Theorem 3.2.1 characterized world effiiency of production in terms 
of saddle-values of the function $(z, q) = pG(z) + qF (2). 

Following the procedure of Section 3.3 we apply Theorem 2.4.3 to 
obtain as necessary conditions for a saddle-value of ¢ that a system 
of inequalities involving the marginal productivities and prices must 
be satisfied. Thus world efficiency of production implies the fulfillment 
of those inequalities. 


THEOREM 3.6.1. If z is world efficient, then the following in- 
equalities are satisfied. (It is understood that derivatives are evaluated 
at the point (z,q) at which $(z,q) is a saddle-value.) 

















= eee A* 
i 8% a» 4,50 rn, reel 
(i) az Poaings Ws = ’ ee ee ¥ 
@ (a= 1*,- +, A*, 
(ii) 6 _ =p, OF _4,<0, |e =i") -+-, Be, 
O25 0 2s \j =1, ,d, 
o (a=1',- -, Af, 
(iii) -. oe #9 —q<0, {8 = 1*, «++, B*, 
628 a 23 yh tice 4 
= ]*?,.--, A? 
ee a JESSE, atte Bp 
(iv) a z8 Po 023 qs => ’ if mt 1, ’ : ‘ ’ 
J / _a* at 
(v) [eo — (Ls + O°) ]z0, B=1"*, -+, BY, 
j=1 o=i* =i 
. $ 
. 4 a S (#) = ]*, ---, Bt, 


Following the procedure of Section 3.3 we define unspecialized world 
efficiency. 


DEFINITION 3.6.1. The world efficient point z is called unspecialized 
if z>0 and q>0, where q is associated with z. 


ASSUMPTION 3.6.1. The point z is an unspecialized world efficient 
point. 


Again, in the light of Theorem 2.4.3, it follows that the inequalities 
(i)-(vi) of Theorem 3.6.1 are all equalities. 

As before, we wish to assure the existence of a world efficient point 
for each p> 0 and each vector c of resource endowments. 
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ASSUMPTION 3.6.2. There is an unspecialized world efficient point. 

Applying the argument following Theorem 3.3.2 to the present case, 
the factor price equalization problem is reduced to the problem of 
considering solutions to the system of equations obtained by replacing 
the inequalities (i)-(iv) of Theorem 3.6.1 by equalities. 

Following the outline of step by step generalization given above, 
consider first the case in which only equations of type (ii) are present. 


ASSUMPTION 3.6.3. A'= B* = 0. 


The question of finding netessary and sufficient conditions for factor 
price equalization has been reduced to the question of finding necessary 
and sufficient conditions that the equations (ii) have unique solutions 
‘q,, with the property 


‘a, = "0; (t,j7 =1,+++,J). 


Consider equations (ii) for fixed 7. As in the earlier case, elimination 
of ’g, results in the following equations: 
ag” ag” 


(3.6.1) Dp = 7p ae ey or (4 = 1° «++, BY 
Ve angi * az? a* Q 24° , , . 





These are B*(A* — 1) equations in the B*A* partial derivatives. We 
consider two sub-cases, depending on whether the number of products 
is larger or smaller than the number of resources. 

In case A* = B', the A* additional conditions 


@ og eee 9° = = 1*. cee * 
ar jae) 0 (a=1", sh? 





will be at least enough to determine the partial derivatives, for if 
&A* 2 #, 
BtA* s BtA* — B+ A*. 


The consistency of the equations is assured by the hypothesis that Z 
is world efficient and by a condition on the Jacobian of the functions 
V*. Thus, the proof of Theorem 3.3.2 generalizes in a straight- 
forward manner to yield a sufficient condition for factor price equali- 
zation in the present case. 


THEOREM 3.6.2. Let V*, a=1*, +++, A* be continuously differen- 
tiable functions of B* variables, A* = B’, having the property that 
there exists a renumbering of the equations 

9" 9” {* a 1°, cco, A®, 
V2 yore =0Q 4 
ta pare) j =]. coed, 
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‘ 


such that the conditions of Lemma 3.3.1 are satisfied for the first B' 
principal minors, and every minor after the B*-th is zero. Then, 
the equations (ii) have a unique solution ’q, which is independent of j. 


In other words, the world efficiency of Z under these conditions 
implies factor price equalization. For necessary conditions, the proof 
of Theorem 3.3.3 carries over to establish 3.6.3. 

THEOREM 3.6.3. Let every solution gq, of equations (ii) have the 
property that ’g, is independent of j (i.e., ‘g, = ’g, for all i,j = 1, 2, 
-++,J). Then it follows that there exist functions V*"( ) of B* vari- 
ables such that ’g* satisfy 

ve(  thaeg oe) =e 
a 29 a%z8 








for Z unspecialized world efficient. 


In the case A* < B* there are too few equations, even with func- 
tional dependence among the partial derivatives of the production 
functions, to determine the ’g, independently of ’c. 

The second step in our program of generalization is to consider the 
case of mobile resources and immobile products. In this case we re- 
place Assumption 3.6.3 by 


ASSUMPTION 3.6.4. A* = B*=0. 


In this case only equations (iii) of Theorem 3.6.1 apply (are not 
identically zero). Elimination of the ’p, gives us the following well- 
known system of equations: 





i 
0%, WH _ ‘yee 
oe” =, B= 1*, +++, BY, 
0°23, 


For each j there are A*(B* — 1) equations and A*B* partial derivatives 
to be determined. Hence A’ additional equations 


will always be sufficient in number, for 


A'B* = A'B* — At + A’. 


Thus, the preceding argument applies. 
We come now to the case of both mobile and immobile products, 
together with immobile resources. 
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ASSUMPTION 3.6.5. (1) A* => B*, (2) A*>0, (3) B* =0. 


In this case only equations (ii) and (iv) of Theorem 3.6.2 apply. If 
there is a solution g* of equations (ii) which satisfies the conditions 
for factor price equalization, then the solution can be substituted into 
equations (iv), thus reducing the problem to a case already treated. 
Thus, this case depends on the solution of equations (ii). 

Similarly, the case of immobile products with both mobile and im- 
mobile resources is reduced to a previously treated case. 


ASSUMPTION 3.6.6. (1) A* =0, (2) A*'>0, (8) B* >0, (4) B*>9. 


In this case equations (ii) and (iv) of Theorem 3.6.1 apply. If equa- 
tions (iii) yield a solution p* independent of j, then this solution may 
be substituted in equations (iv) to reduce these to the equations (ii). 

Finally, combining this with the case discussed under Assumption 
3.4.5 gives the case when all types of commodities are present. It is 
thus shown that the problem of finding conditions for factor price 
equalization in the case of all combinations of mobility and immobility 
is reduced essentially to the classical case in which all products are 
assumed to be mobile and all resources immobile. 


3.7. Analysis of the conditions for factor price equalization in 
many dimensions. The interpretation of the conditions for factor 
price equalization can be dealt with in terms of two questions. First, 
what restriction is imposed on a production function by the condition 
that its marginal productivity functions be functionally dependent? 
Second, what restriction is imposed by requiring the same condition 
of functional dependence to be satisfied by two different production 
functions? We will consider the second question first. 

Let f be a (smooth) function of n variables and let the equation 


(3.7.1) Vif Sy soe, Sn) =0 


hold identically in the arguments of f. 

We may consider equation (3.7.1) as a partial differential equation 
which we know to be satisfied by the function f. Our question is, can 
this partial differential equation have more than one solution? It is 
quite clear that if no further conditions are imposed, 3.7.1 could have 
infinitely many solutions. If in parallel to Assumption 3.4.1 we impose 
boundary conditions on the problem, e.g., require 


(3.7.2) F(O, x, +++, 2,) = 0 for all non-negative 2,, +++, 2,, 


we still require V to satisfy certain regularity conditions in order to 
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insure uniqueness.” The regularity conditions V is required to satisfy 
are, depending to some extent on the nature of the boundary con- 
ditions specified, just those required by the factor price equalization 
theorem, namely non-zero minors of the functional determinant. 

While it is clear that there are conditions under which 3.7.1 will 
have a unique solution, and therefore under which the condition for 
factor price equalization implies that production functions must be the 
same in all countries, these boundary conditions do not seem to be 
intrinsic in the factor price equalization problem. Which of the avail- 
able possibilities should be imposed, including the possibility of no 
condition, depends on the economic meaning of the conditions; equa- 
tion 3.7.2 asserts the existence of an indispensable input, e.g., labor, 
without which production is impossible. 

We turn now to our first question, namely what does the condition 
that marginal productivity functions be functionally dependent imply 
about the production function? In the many dimensional case, in 
contrast to that of two inputs, our conditions do not seem to imply 
homogeneity of the production function. I have, at least, been unable 
to obtain such a result. It is perhaps of interest to point up the 
importance of regularity conditions in this problem. For example, the 
function 


S(x,y, z) = xe"** 


has the property that its partial derivatives are functionally dependent, 
for 


If, -f, =0 ’ 
and 


F(0, y, z) =0 for all y and z, 


but f is obviously not homogeneous. The equation of functional de- 
pendence fails to satisfy regularity conditions insuring solvability for 
f, on the plane x = 90. This example also points up the importance 
of regularity conditions in guaranteeing uniqueness, for 

g(x, y, 2) = xy + 2) 
also satisfies 


9—-9,=9 with g(0,y,z)=0. 


* See Dorothy L. Bernstein, Existence Theorems in Partial Differential Equations, 
Annals of Mathematics, Study No. 23, (Princeton, New Jersey: Princeton University Press 
1950). See in particular Theorem 13.1, p. 49 and subsequent remarks. 
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3.8. Discussions of Assumptions 3.3.2, 3.6.2. The effect of As- 
sumption 3.3.2 is to restrict attention to unspecialized world efficient 
points, i.e., to those in which every country produces every commodity 
and uses every resource to the limit of availability. 

Consider first the matter of resources. Recall that a necessary con- 
dition for factor price equalization is that the same resources be scarce 
in every country (see the remark at the end of Section 3.1). Wecan 
in any case ignore the set of resources which are superabundant at 
a particular world efficient point, since the solutions of the relevant 
equations are unaffected by the restrictions corresponding to those 
resources. So, at least with regard to resources, Assumption 3.3.2 
and its later counterpart, Assumption 3.6.2, constitute no real restric- 
tion of generality. 

With regard to products, the assumption does impose a real restric- 
tion. Returning our attention to the full system of inequalities (i) 
through (iv) of Theorem 3.6.1, suppose that the given world efficient 
point is not unspecialized, i.e., that each country produces some com- 
modities but not all. We direct our attention to those commodities 
which every country produces, and: to the corresponding sub-system 
of equations. Clearly the foregoing analysis applies to this sub-system, 
and hence to the whole. If the international economy is sufficiently 
connected through production of mobile commodities, then there will 
be a sufficient number of prices which are the same in all countries, 
and a sufficient number of equations in each country so that the pre- 
ceding analysis applies. In this light, the role of Assumption 3.6.3 
has been merely to provide a sharp focus for the discussion. 


3.9. The actual economy. Attempts to apply factor price equali- 
zation theorems to an actual economy will face two questions deserv- 
ing brief comment here: 

First, under what circumstances is, e.g., a bricklayer in London to 
be regarded the same factor as a bricklayer in New York? We may 
make a ‘‘thought experiment’’ in which the two bricklayers are in 
turn combined with the same specific combination of other résources. 
If the two resulting relations between output and input are the same, 
the two factors may be regarded as one. Arguing from the ‘‘thought 
experiment”’ that it is meaningful to speak of the same resource in 
different countries, the problem of identifying resources is not es- 
sentially different from many similar problems of classification en- 
countered in applications of economic theory. 

Second, granting that it is meaningful to ask whether factor prices 
are equalized, does not the dependence of the factor price equalization 
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theorem on the relative number of mobile and immobile commodities 
make the results arbitrary in light of the fact that commodities can be 
classified arbitrarily? To this we point out that it is (a) possible to 
classify commodities arbitrarily and (b) possible to classify commodities 
so as to give the production function any desired form, but that (c) it is 
not in general possible to specify arbitrarily both the form of the 
production function and the classification of inputs and outputs and 
still describe adequately given physica! production processes. Because 
the factor price equalization theorems depend on both the properties 
of the production function and the classification of commodities, we 
may expect that there is more to the results than mere tricks of 
counting. 


Purdue University, U.S.A. 
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ON PURE AND MIXED STA isSTICAL 
ESTIMATION IN ECONOMICS* 


By H. THEIL AND A. S. GOLDBERGER 


1. INTRODUCTION 


A BASIC PROBLEM in the statistical estimation of economic relations 
is the discrepancy between the statistician’s claim when he formulates 
his maintained hypothesis and the procedure which he actually follows. 
He claims that he includes all his relevant a priori information in the 
maintained hypothesis, and it is on the maintenance of this hypothesis 
that his probability statements are based. Yet it is not uncommon to 
find statisticians discarding their maintained hypotheses after the 
estimation has been undertaken. 

For example, the investigator will accept an economic theory which 
explains the variation in some variable linearly in terms of the vari- 
ations in a fixed set of other variables. The linear relation is assumed 
to be subject to additive disturbances with, say, zero means, constant 
variances, and zero covariances. All this makes up his maintained 
hypothesis. He then carries out an appropriate computation to provide 
desirable estimates of the parameters of the linear relation. He finds 
that the estimated income elasticity of some commodity (which is un- 
likely to be inferior) is negative. He does not accept this negative 
estimate but rather attributes the result to the incorrectness of his 
previously maintained hypothesis and perhaps decides to change the 
sot of explanatory variables. It is well known, but also well ig’.ored, 
that exact probability statements can no longer be made if the main- 
tained hypothesis is thus rejected in the light of the evidence. 

Recollection of our own past activities prevents us from denouncing 
too violently such an investigator, but we agree that a more consistent 
approach should be sought. The difficulty seems to be that the investi- 
gator has a priori knowledge which he can not conveniently incorporate 
in the maintained hypothesis and which he therefore omits. In partic- 
ular, the a priori knowledge that a regression slope is positive (as in 
the example of the preceding paragraph) can not readily be built into 
a maintained hypothesis by conventional methods. This kind of a 
priori knowledge, however, is precisely the major source of rejections 
of ‘‘maintained hypotheses’’; it seems clear that it is logically more 
consistent to incorporate such knowledge in the maintained hypothesis 
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right at the beginning than to exclude it from the hypothesis and 
reject it afterwards when the results contradict the omitted knowledge. 

In this paper we propose a method for handling a priori inequalities 
on coefficients, or on linear combinations of coefficients, as an integral 
part of the maintained hypothes‘s. This method may be regarded as 
an extension of a method for efficient use of extraneous statistical 
information which will first be discussed in detail. 

The order of discussion is as follows: In Section 2 we consider the 
problem of the efficient use of extraneous statistical information in 
linear regression; Section 3 is devoted to the extension of this pro- 
cedure to the case in which this extraneous information is of an a 
priori, rather than a statistical, type; Section 4 contains an illustrative 
example. 


2. EFFICIENT USE OF EXTRANEOUS STATISTICAL INFORMATION 


2.1. Application of generalized least squares. Let us suppose that 
we have a sample of observations specified to satisfy the linear re- 
lationship 


(2.1) y=XS8+u, 


where y is the T x 1 vector of observations on the dependent vari- 
able, X the T x 1 matrix of observations on the explanatory variables 
with rank 1, 8 the 4 x 1 vector of coefficients, and u the T x 1 vector 
of disturbances, such that 


(2.2) Eu=0, E(uw’) = 2, 


with 2 non-singular. It will further be assumed that the elements 
of X are nonstochastic. 

Furthermore, we assume that additional information on the coef- 
ficients 8 is available. Here, in Section 2, it will be assumed that 
this knowledge is of the statistical type (it may, for example, come 
from previous statistical investigations), and that it consists of esti- 
mates of 8-components or of linear combinations of these. In any 
event, we suppose that it is possible to represent this extraneous 
information by 


(2.3) r=RS+v2, 


where r is a G x 1 vector, R is a given G x A matrix, § is the 4 x 1 
coefficient vector of (2.1), and v is a Gx 1 vector of disturbances 
such that 


(2.4) Ev=0, E(w’) = 7 , 
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with ¥ non-singular. 

The additional information might, for example, consist of 5, and b,, 
unbiased estimates of the first two elements of 8, along with their 
variances, d,, and g,,, and their covariance, ¢,,. In that case we would 
write 


_ fd, Aon mene Le i. 
om) r=([5]- R=() oe eery | v =(% |: 


The sample and the independent extraneous information may be 
combined from the start by writing 


e9 []=[Eb+[:]: At]-o athe “)-[3 8). 


An application of Aitken’s generalized least-squares procedure leads to 
estimating 8 as 8, where 


an aa (x ef} $] LE) a3 oT. 
that is, 
(2.8) B = [X'0°X + R'VOR}[X'2-y + RV). 


This estimate has the property of being a best linear unbiased estimate, 
with ‘‘best’’ referring to both the extraneous and the sample in- 
formation. The variance-covariance matrix of the estimate is given by 
(2.9) V(6) = E[(® — 8X8 — By) = [X'2°X + RVOR]. 

The estimating formula will, of course, be simplified if the w’s are 
mutually independent with a common variance. In that case, 2 = a’, 
so that 
(2.10) B=(4xx+ RvR] [i xv+ evo]. 

a a 
If, in addition, there is only a single piece of extraneous information, 
say b,, an unbiased estimate of the first element of 8 with variance 
o7,, then . 








q fl 0 «+ 0 
RvR =| ° =[t QO ++ 0] = = eS pete! 2 
6s "lo 0 + 0 


and 
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Hence, 


1 e+ O12 
(2.11) a-(xx+ of) Xy+t 
Ox 0 eee 0 Ox 


In this case it will be seen that the normal equations defining A differ 
from those that would be used in the absence of extraneous infor- 
mation only in the upper left-hand element of the coefficient matrix 
and in the top element of the right-hand vector. 

This simple result illustrates at the same time a difficulty in ap- 
plying the methed proposed, viz., the fact that knowledge of 2 and 
Y is required (in the case of (2.11), knowledge of o’ and o%, or at 
least of their ratio). It can be shown, however, that if we commit 
small errors in the specification of 2 and ¥, the resulting errors at 
the level of 8 tend to be small of a higher order (cf. Van IJzeren [6]). 
We shall return to this problem in a later publication. 

2.2. Alternative interpretation of the procedure. The estimate 6 
of (2.8) was, in fact, proposed several years ago by J. Durbin [2], 
who was concerned with the case where the extraneous information 
comprised an unbiased estimate of a subvector of 8 (along with the 
corresponding variances and covariances) obtained from another sample. 
Durbin’s approach was to blend this extraneous estimate with the 
“internal” least-squares estimate § = (X’X)*X’y in an efficient 
fashion. This led to the estimator of (2.8). It should also be noted 
that J.R. N. Stone [3], pp. 303-305, has given a maximum-likelihood 
interpretation of the same estimator in a special case. 

Durbin’s approach is suggestive. Clearly, if the extraneous infor- 
mation does not differ from the internal estimates, then the efficient 
estimate will be the internal one, 8 =. Further, intuition suggests 
that the difference between @ and § will depend in a systematic way 
upon the degree to which the internal estimate § differs from the 
‘‘mean extraneous information,”’ i.e., upon the difference between r 
and R&S. This can be analyzed in the following way: The matrix to 
be inverted in (2.8) is 


X'N7X + REOR = X'Q°X[I + (X’N*X) RFR). 


O:re- Ooo 


Suppose that the second matrix between square brackets is sufficiently 
**small’’ in the sense that its latent roots are all within the unit circle; 
in qualitative terms this means that the internal X information domi- 
nates the extraneous R information. We can now apply a power series 
expansion for the inverse, and it follows that: 
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(X'Q°X + R'EOR)? = [I + (X’'QSX) (R'E OR) (X22 X) 

Pw (X'Q7X) — (X'Q-X)-( R'E“ R)(X'2Q7X)* ' 
where second-order terms are neglected. Combining this with (2.8) 
we obtain 
(2.12) B ww (X'2X)2AX' Dy + (X'N7X 7 R'T 

— (X’Q°X) (RE OR) X'2OX) AX Dy 
ww B + (X'Q>*X)R'V-(r — RB), 

where second-order terms are again neglected. Thus, to a first-order 
approximation at least, the difference between 8 and & is a homo- 
geneous linear function of the extent to which § fails to satisfy the 
‘‘mean extraneous information.’’ 

2.3. Extension to simultaneous equation estimation. The technique 
developed in Section 2.1 may be extended to the estimation of an 
equation which is embodied in a simultaneous system. That is, we 
now suppose that our sample of observations satisfies the linear re- 
lationship 


(2.18) y= Yr+X6+u=([Y xi] +4, 


where y is the 7 x 1 vector of observations on the ‘‘left-hand’’ en- 
dogenous variable, Y the T x m matrix of observations on the other 
endogenous variables present in the equation, y the m x 1 vector of 
their coefficients, X, the 7’ xl matrix of observations on the pre- 
determined variables present in the equation, 8 the | x 1 vector of 
their coefficients, and u the 7’ x 1 vector of disturbances, such that, 


(2.14) Eu=0, E(uw’) = oI 

We shall apply the two-stage least-squares procedure. This can be 
formulated in a variety of ways, the following being the most con- 
venient one for our problem. Multiply (2.13) through by X’, where 


X is the T x A matrix of observations on all the predetermined vari- 
ables in the system. This yields (cf. Theil [4], pp. 337-38), 


(2.15) X'y = X'Vy + X’X,B + u* = [XY x'xi] 2 | +u*, 
where u* = X’u, and 


(2.16) Eu* =0; E(u*u*’) = o°(X'X). 


1 In addition, we make the usual assumption that the disturbances of the other struc- 
tural equations are also uncorrelated over time and have constant variances and “‘con- 
temporaneous” covariances. A generalization to the temporally correlated case is also 
possible (cf. Theil [4], pp. 343-45), but is not pursued here. 
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The application of generalized least-squares to (2.15) gives 
(2.17) [xix (ox'x ‘Xly =[x; ¥\ox'xX'Y x'X(§), 


where c, 6 is the two-stage least-squares estimator of y, 8. The esti- 
mation equations can be simplified as follows: 


ee ee ee [ site. ad > te Game a 2 (6). 


(2.18) x'Y xx 


and the asymptotic covariance matrix is 


a my) = ot om AP YX(XA) IXY YX 
@.19 lim TV(£) = o* plim 7[ * * 2) rx| - 


The procedure presupposes that 4=m-+H1; if the opposite is true, 
the square matrix on the right of (2.18) is singular, and the coef- 
ficients of (2.13) are not identifiable. 

The extraneous information is now written as 


(2.20) r= Ry + R,8 +7, 


where R, and R, are matrices of known coefficients and v a vector of 
random elements satisfying (2.4). We can combine the sample and 
extraneous information by writing 


ew PMP T+ [eI. 


where 


(2.22) E|* |=0, and (2[S ur v']) = cm ri 


Hence the left-hand side of (2.17) becomes 


[xx RY ax’ xX 45 rig 
XiX Ri 0 Y e 2 


while the right-hand side consists of a square matrix, 


[ xx zl oXx'xX rT ae 7] 
a -ie , 
postmultiplied by the vector of estimates, 7,8. Simplifying and 
writing 7, = (1/o")¥, we obtain 
(3) py [7 747 5 pe +RVSR, Y'X,+ RB I a 
bi XY + RVs R, X’X, + RPL. 
x [| X(X'X) 1 X'y + RY ma 


0 y R, R, 


(2.28) 8 


Xiy+ RY 
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while the asymptotic covariance matrix is o* multiplied by the proba- 
bility limit of T times the inverse matrix of (2.28). 

2.4. Balanced use of statistical information. There may be some 
asymmetry involved in the procedure of Section 2.1. Suppose there 
are two sets of sample observations on y and the explanatory variables. 
We might estimate parameters from the first sample and use the 
estimates as extraneous information for efficient estimation in the 
second sample. But the roles of the two samples might well be 
reversed. A more balanced approach would put the two samples on 
an equal footing for the estimation of parameters. For this approach, 
a natural extension of the procedure of Section 2.1 suggests itself. 

Suppose there are two samples A and B, each of which is described 
by a separate relation of the form (2.1). Typically, the relation de- 
scribing sample A will have some parameters in common with the 
relationship describing sample B and some others distinctive to it, 
while the relationship describing sample B will have some distinctive 
parameters besides those it shares with the A relationship. This could 
be the case in household demand studies. That is, y might be per 
capita quantity of meat, sample A consisting of time series obser- 
vations on y, per capita income, and price of meat; while sample 2 
might consist of cross section observations on y, per capita inceme, 
and family size. The two relationships could share the same income 
coefficient. 

For such a situation, all the observations would be described by the 


relationship 
6 [u-]=[%0 Xe 0 | 4 -[“]. 

Ye Xp 0 Ape me Us 
where the subscripts A and B denote data from samples A and B re- 
spectively, and the subscripts 0,1,2 refer to parameters (and cor- 
responding variables) which are, respectively, common to both samples, 


distinctive to sample A, and distinctive to sample B. 
If we assume 


25) = El a}=[9] ana B(( Ye] ul) =[F 9]. 


and apply the generalized least-squares procedure, we obtain estimates 
of the coefficients satisfying the normal equations 


(2.26) 
Xe PY oyu] [x ‘ata OT Xe Xu [al 
O° x;, | 0 Q3 Yn L 0 re iy Q5 p 0 Xe je) 
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that is 
X40 27'Y a + Xin Qs'Yo | 
aa Va 


(2.27) X04, | 


[Xi Xo + Xm Xm Xi0iXa Xm’ Xn] Bo 
=! Xai Xa X97 Xa P 0 B, 
L Xi295'X 50 0 X5225' Xo A, 


The resulting estimator is best linear unbiased with respect to the 
two samples combined, if the elements of all X-matrices are non- 
stochastic; in that case, the covariance matrix is equal to the inverse 
of the square matrix on the right of (2.27). 


3. THE METHOD OF MIXED LINEAR ESTIMATION 


Suppose now that the source of extraneous information is of an a 
priori rather than a statistical nature. For example, suppose that the 
investigator has a priori knowledge that a certain coefficient 8,—an 
income elasticity—almost certainly lies between zero and one, and 
probably between + and #. Then we propose that he formulate this 
knowledge in the spirit of Section 2.1 by writing 


(3.1) 4=8,+1; Ev=0; Ev’ = 1/16. 


Values of 8, outside the range between zero and one would then be 
outside the ‘‘two-sigma’”’ range + + 21/1/16; this gives some indication 
of the virtual impossibility of such values. Once the pieces of a priori 
information are expressed in this way, the procedure of Section 2.1 
is applicable to obtain ‘‘best linear estimates.’’ Here ‘‘best’’ refers 
not only to the observations but also to a priori knowledge. We shall 
refer to this procedure as ‘‘mixed linear estimation’’ in view of the 
mixed character of the information on which it is based; for the 
‘“‘ordinary’’ procedure, which is based on observational data alone, we 
shall use the term ‘‘pure linear estimation.’’ 

Several pieces of a priori information may, of course, be handled 
simultaneously. Knowledge about linear combinations of coefficients 
may also be handled similarly; for example, the sum of all price and 
income elasticities of a demand equation must be approximately zero 
because there cannot be ‘‘too much’’ money illusion. Clearly, the 
narrower the interval within which a coefficient almost certainly lies, 
the more useful is the incorporation of this knowledge. In the ex- 
treme situation, where the interval shrinks to zero, we have the case 
of exact a priori restrictions. In that instance, the a priori informa- 
tion might be used to eliminate part of the coefficient vector to be 
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estimated, after which simple least-squares would be applied to the 
‘‘reduced’’ equation (cf., e.g., Theil [4] p. 331). As the interval widens, 
that is, as the a priori information becomes hazier, it plays less of a 
role in the estimation. Thus, starting from any given Y matrix, 7, 
say, we put ¥ =k¥,; then as k approaches infinity, 7-' approaches 
0, so that, as intuition suggests and (2.8) confirms, the best estimate 
is simply the internal least-squares estimate; in other words, the a 
priori ‘‘information’’ is useless. 

With the present approach, mere knowledge that a coefficient is posi- 
tive (or that it is negative) would be of no use since the relevant inter- 
val—and hence #—would be infinite. It would, however, seem to be 
typical for the investigator to be able to set a finite upper bound which 
the absolute value of the parameter almost certainly does not exceed. 

It is appropriate to examine the expectations of (3.1) in some- 
what more detail. The probability concept underlying these ex- 
pectations is evidently of the subjectivist or ‘‘personalist’’ type, 
where the person involved is the research worker who formulates the 
a priori point estimate as well as its ‘‘sampling variance.’’ Our idea 
is that such a person carries out a large number of mixed regression 
analyses in the course of his lifetime, so that he produces a similarly 
large number of errors (the differences between the a priori estimates 
and the corresponding parameters). Dividing these errors by the cor- 
responding square roots of their variances, we obtain standardized 
errors which are—in the light of this subjectivist probability idea— 
random drawings from a parent with zero mean and unit variance. 
It is worth-while in this connection to add that the unbiasedness con- 
dition (like Ev =0 in (3.1)) is not required for all purposes; this is 
important in view of the fact that in several cases it will be easier 
to formulate probable limits for a coefficient than a central tendency. 
Let us take (3.1); if we accept the weaker condition Hv? = 1/16 but 
Ev not necessarily = 0, then the resulting mixed estimator of 8 is of 
course no longer unbiased, but its second-order moment matrix is still 
equal to the original covariance matrix, as can be easily verified. 


4. NUMERICAL ILLUSTRATION 


For illustrative purposes we apply our technique to the estimation 
of the supply equation of Tintner’s model of the American meat market 
[5], pp. 176-179. It has been shown by Begeer [1] that the ordinary 
two-stage least-squares estimates do not give the ‘‘right’’ signs for 
all of the coefficients.2 Under the standard procedure, therefore, this 


: The same is true, incidentally, of the ‘‘ordinary’’ single-stage least-squares estimates. 
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relation would be discarded or modified, i.e., the maintained hypothesis 
would be rejected. We investigate the effect of including the a priori 
sign criteria right from the start. 

The model consists of these two equations: 


(4.1) ¥.= Y¥.+ 8:2,+ 8t,+%u (supply), 
(4.2) Y= VY. + Bt, + Ww’ (demand), 


where y, = per capita consumption (pounds per year); y, = retail price 
(index, 1935-39 = 100); x, = cost of processing meat (index, 1935-39 = 
100); x,= cost of producing agricultural products (index, 1935-39 = 
100); x, = per capita real disposable income (dollars per year). 

The sample consists of annual data, 1919-1941, measured in devia- 
tions from the means. Table 1 presents the sums of squares and 
products. 








TABLE 1 
SUMS OF SQUARES AND PRODUCTS OF DEVIATIONS FROM THE MEANS 
wi yz Z Ze zs 
ys 1369.54 —352.55 —536.48 983. 86 3671.91 
y: 1581.49 850.33 1235.76 8354.59 
Zi 2534 . 80 730.78 3611.72 
a 2626.99 12204.77 
zs 83433.65 








We assume temporal independence of the error terms so that the 
internal two-stage least-squares estimates of the supply equation are 
obtained according to (2.18) as 


7] _[ 987.98 850.83 1285.76)" 207.64) —0.8210 
(4.8) | 3. |=| 850.33 2584.80 730.78} | —536.48 | =| —0.2777]. 
5 | 1285.76 730.78 2626.99] | 983.86 0.6028 


In the terminology of Section 3, these are pure estimates. It will be 
seen that the sign of 7 is negative, contrary to accepted theory. The 
variance of the error term wu is estimated by dividing the sum of 
squared residuals by the degrees of freedom; this gives é* = 21.13. 
Now let us suppose that extraneous information on the price elastic- 
ity of supply had been incorporated from the start. General con- 
siderations concerning the nature of agricultural production imply that 
this price elasticity lies between zero and one. We formulate this by 
saying that we have an a priori point estimate of 0.5 for the price 
elasticity and that its standard deviation is 0.2. This means that we 
consider a price elasticity outside the interval between zero and one 
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to be very implausible. This condition on the elasticity may be trans- 
lated into a condition on the slope given the sample means 7, = 166.19 
and 7, = 92.34. We take the slope equal to 0.9 (= 0.5 x 166.19/92.34) 
plus or minus a random variable with zero expectation and standard 
deviation 0.36 (= 0.2 x 166.19/92.34). 

In the notation of (2.20) we have 


(4.4) r=0.9; R,=[1]; R,=[0 0]; E(vv’) = (0.36) = 0.1296. 


We take oa’ as its internal two-stage least-squares estimate, viz., 21.13, 
so that ¥, of (2.23) is 0.006133 (= 0.1296/21.13). Then we see 


¥; = 1/0.006133 = 163.07; RiY“R, =[0 0]; 
(4.5) Ri?R, = 163.07 ; R:?R, oo [0] = RVor ; 


Rie—r = (163.07)(0.9) = 146.76; Ri? R, - lo 0| . 


Application of (2.23) provides the mixed estimates 


q 1101.00 850.33 1235.76|"{ 354.40 bees | 
(4.6) | 6 | =| 850.33 2534.80 730.78; | —536.48| =| —0.3834|, 
1235.76 730.78 2626.99 | 983.86 0.4035 | 


~ 


By 


in which 7 has the positive sign. The asymptotic sampling variances 
may be obtained by multiplying each of the diagonal elements of the 
inverse matrix of (4.6) by o’. A new estimate of a’ is available, viz., 
the sum of squared residuals for the sample observations using the 
coefficients estimated in (4.6), divided by the degrees of freedom.’ 
This estimate is 50.25, and it yields as asymptotic standard errors of 
the respective coefficients 0.35, 0.17, and 0.20. 

In view of the fact that the estimate of o* which entered the mixed 
estimation is not the same as that which comes out of it, an iterative 
procedure is suggested. That is, we take o’ as 50.25, so that 7, is 
0.00258 (= 0.1296/50.25), and adapt (4.5) and (4.6) accordingly to get 
a new set of estimates of the coefficients. The resulting residual 
variance provides the basis for a new iteration. In Table 2 we pre- 
sent the results of several of these iterations. The process appears 
to converge, and we stop at the fifth iteration; at this stage the 
coefficients are stable to two decimal places. For purposes of com- 
parison we include the internal two-stage least-squares estimates, and 
also those based on exact a priori information as described in the 

* We continue to take the degrees of freedom as 19, equal to the number of sample 


observations, 23, minus the number of coefficients being estimated, 4, (including the im- 
plicit constant term). 
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second paragraph of Section 3. That is, we fix y at 0.9 and apply 
simple least-squares to the reduced equation in which y, — vy, is the 
variable to be explained. Standard errors are given in parentheses 
below the coefficients. We propose to use an iterative procedure in 
the (virtually inevitable) case in which o* must be estimated from the 
data. 


TABLE 2 


ALTERNATIVE ESTIMATES OF THE MEAT SUPPLY EQUATION USING 
A PRIORI INFORMATION ON PRICE ELASTICITY 




















Mixed Exact 

Cont- Pure Iterations Infor- 
ficient Initial aeaiicns 

1 2 3 4 5 
T —0.321 0.165 0.425 0.535 0.573 0.585 0.588 0.900 
(0.29) (0.35) (0.34) (0.33) (0.32) (0.31) (0.31) 

A —0.278 | —0.383 | —0.440 | —0.464 | —0.472 | —0.475 | —0.475 —0.543 
(0.11) (0.17) (0.19) (0.21) (0.21) (0.21) (0.21) (0.24) 

Bs 0.603 0.404 0.297 0.252 0.236 0.231 0.230 0.102 
(0.15) (0.20) (0.23) (0.23) (0.23) (0.23) (0.23) (0.23) 

a 21.13 50.25 74.97 87.30 91.79 93.23 93.68 129.57 


























° 

The economist will have some doubts about our estimate of 8,, which 
is, after all, the coefficient of a cost of production variable. There 
are good a priori grounds for believing that this coefficient should be 
negative, though not less than —1. At the risk of being guilty once 
again of the procedure against which we have argued in Section 1, 
we have carried out another set of computations. This time we in- 
corporate a priori knowledge on the signs of all three coefficients from 
the start, specifying that the elasticities of y, with respect to y,, 2, 
and rx, are 0.5, —0.5, and —0.5, respectively, each subject to a standard 
error of 0.2. When this information on the elasticities is translated 
into information on the linear coefficients (using the further sample 
means 7, = 88.42 and Z, = 102.22), we have in the notation of (2.20) 


r= |); r,-|9}; R=|3 HF 


(4.7) —0.81 01 
0.1296 0 0 
E(vv’) =| 0 0.1414 0 
0 0 0.1056 


We again take o’ as its internal two-stage least-squares estimate, viz., 
21.13, which in the notation of (2.23) provides 





PURE AND MIXED STATISTICAL ESTIMATION 77 


163.07 0 0 0 
7 '= 0 149.46 0 ; RiP R, = [0] ; 
0 0 200.13 
Trois ; 9-te . [—140:491 ; 
(4.8) RivR, = 163.07 ; RY sr = eg 162-10 ; 
RIV sr = 146.76 ; RY sR, = jee ge 200 13| ; 


RR, = [0 0]. 


Application of (2.23) provides the mixed estimates 


9 1101.00 850.33 1235.76]"T 354.40] [ 0.4118) 
(4.9) | B,]=| 850.33 2684.26 730.78 | | —676.97 | = | —0.4440 | . 
—| (1285.76 730.78 2827.12} | 821.76] | 0.2255] 


B, 


The corresponding new estimate of a’ is 74.39, which provides the 
basis for computing standard errors and also for an iterative process, 
the results of which are presented in Table 3, which has the same 
format as Table 2. It will be seen that this iteration converges to 
estimates with the proper sign. 


TABLE 3 


ALTERNATIVE ESTIMATES OF THE MEAT SUPPLY EQUATION USING 
A PRIORI INFORMATION ON ALL ELASTICITIES 



































Mixed Exact 

Cost- Pure Iterations Infor- 

cient Initial aiihen 

1 2 3 4 5 

T —0.321 0.412 0.849 0.965 0.987 | 0.991 0.992 0.900 
(0.29) (0.41) (0.38 (0.33) 0.31) | (0.31) 0.31) 

Bs —0.278 | —0.444 | —0.556 | —0.603 | —0.616 | —0.619 | —0.620 —0.940 
(0.11) (0.19) (0.23 (0.23 0.22) | (0.22) 0.22) 

2 0.603 0.225 | —0.068 | —0.205 | —0.243 | —0.251 | —0.253 —0.810 
(0.15) | (0.23) (0.24) (0.23) (0.22) (0.22) (0.22) 

' | 
ao | 21.13 74.39 134.11 158.58 164.77 166.14 166.44 300.32 
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A SCHEMA FOR THE SUPPLY THEORY OF MONEY* 
By KARL BRUNNER? 


1. INTRODUCTION 


THE KEYNESIAN REVOLUTION substituted a new structure for the 
velocity approach in monetary analysis. This substitution, however, 
did not attenuate the concept of a (stock) demand function for money. 
On the contrary, the analytical and empirical issues raised with the 
emergence of the Keynesian theory as an alternative explanation of 
monetary (i.e., aggregate) phenomena gave a new impetus to the 
logical clarification and empirical specification of this demand function. 

The supply theory of money, on the other hand, remained unculti- 
vated. Most of the literature presents us with an accumulation of 
analytical fragments which form at best only building blocks of an 
empirically significant theory. The analysis of the money supply has 
still to bridge some major gaps between the conception of a vague 
idea concerning the structure of a subject matter and the formulation 
of a testable hypothesis. With one exception, the only coherent 
schemata available lack an essential feature of hypothesis-construction, 
viz., the specification of semantic rules or of behavior properties for 
the parameters. As a result, these schemata must be interpreted 
either as calculi with ‘‘economic names’’ or structures to be dealt with 
according to implicit semantic rules. They have no empirical content 
and cannot be used in a scientific explanation of observable money 
stock patterns’. Thus, one problem of the supply theory of money is 

* Manuscript received January 12, 1960. 

1 This paper forms a part of a project financed by the Bureau of Business and Economic 
Research at UCLA. I also wish to thank the WDPC at UCLA for the use of their com 
puting facilities. 

2 The schemata referred to in the text are J. E. Meade, ‘The Amount of Money and 
the Banking System,”’ in Readings in Monetary Theory (New York: Biakiston, 1951), 
A. P. Collery, *“‘A Graphical Analysis of the Theory of the Determination of the Money 
Supply,” Journal of Finance, Vol. XI, 1956, pp. 328-32, and A. H. Meltzer, ‘‘The Behavior 
of the French Money Supply: 1938-1954,"" Journal of Political Economy, Vol. LXVII, 
1959, pp. 275-96. Meade’s and Collery’s structures could easily be completed by the ad- 
dition of semantic rules and specifications of the parameters. Such completions result 
in testable hypotheses. Another macro-schema was discussed in my paper, ‘‘A Case 
Study of U.S. Monetary Policy: Reserve Requirements and Inflationary Gold Flows in the 
Middle 30’s,"’ Schweizerische Zeitschrift fiir Volkswirtschaft und Statistik, 94 Jahrgang, 
1958, pp. 160-201. Semantic rules were stated when the schema was used to organize 
the data bearing on observable money stock patterns, but no behavior restrictions for 
the parameters were formulated. The schema was also used as a basis for the formulation 
of empirical money supply functions. 
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to complete the transformation of such schemata into useful scientific 
hypotheses. Associated with this completion is the evaluation of their 
predictive or explanatory power. 

Monetary analysis contains fragments of analysis and isolated de- 
scriptive statements bearing on the micro-structure of the monetary 
system. A second problem is to weave this material relating to single 
banks and their interconnections into a coherent schema which provides 
a logical basis for macro-analysis. 

This paper deals with the second problem. One of the procedures 
available will be applied in this paper to construct a schema which 
can be used to formulate an empirical macro-supply function of money 
within the institutional framework of the American banking system.’ 

A bank’s supply decision with respect to new funds, measured by 
the desired rate of change of its asset-portfolio, is related to its volume 
of ‘‘available reserves,’’ particularly the amount of surplus reserves. 
This relation is formulated with the aid of the ‘‘loss coefficient,’’ a 
concept derived from a detailed consideration of the limitations im- 
posed on a bank’s portfolio adjustments to the existing volume of 
surplus reserves. The supply function of new bank funds describes 
the absorption of surplus reserves through the portfolio adjustments 
induced by the existence of such reserves. A supplementary relation 
summarizes the process generating surplus reserves. This second re- 
lation associates the surplus reserves with changes in the monetary 
base. Aggregation and combination of the two relations lead to a 
macro-schema which connects the money stock with policy variables. 
This macro-schema guides the specification of an empirical money 
supply function. Such a supply hypothesis of the money stock is pre- 
requisite to any appraisal of monetary policy. 


2. MICRO-THEORY: THE SUPPLY OF NEW BANK FUNDS 


The construction of a bank’s supply function of funds begins with 
the definition of ‘‘available reserves,’’ v, and ‘‘surplus reserves,”’ s. 
The variable v is the difference between a bank’s total cash assets 


* Another aggregation procedure based on matrix multiplier analysis is constructed in 
the author's forthcoming paper, ‘‘The Micro-Structure of the Monetary System and the 
Derivation of an Aggregative Money Supply Function.’’ A second paper, ‘Income, Money 
Stock and the Loan Market,”’ bases the derivation of the money supply function on a 
set of behavior functions describing the markets linking the monetary system with the 
income generating process. The analysis of both papers is based on the concepts developed 
in Part 2 of the present paper. It should be emphasized that the construction of the 
schema is guided by the existing jpstitutions of the U.S. monetary system, but the result- 
ing formalization can be easily adjusted to different institutional arrangements. 
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and its required reserves. The magnitude s is defined in terms of v 
and a (stock) demand function for available cash assets. Let v* des- 
ignate a bank’s desired amount of reserves or cash assets, the amount 
the bank is willing to hold, given a set of specified conditions. We 
postulate the following stable cash asset demand function for banks: 


(1) v= w, + wd, + w,d, , 
w, = wir, b, a), 


where d, are net demand deposits, d, are time deposits, w, and w, are 
the marginal propensities to hold cash assets with respect to the two 
types of deposits, r is an index function of loan rates and bond yields, 
b is the amount borrowed by the bank from Federal Reserve Banks, 
and a is the loan-investment ratio in the bank’s portfolio. The deriva- 
tive of w, with respect to r is always strictly negative and finite; the 
derivative is positive with respect to 6 and a. The postulate also 
includes the inequalities w, > w, > 0 and v* > 0 for all positive values 
of r. The magnitude ‘‘surplus reserves’? can now be introduced by 
an explicit definition: 


(2) s=v—v'. 


The surplus reserves measure the volume of cash assets a bank 
desires to eliminate through asset expansion or to acquire via asset 
contraction. The banks adjust their portfolios continuously in such a 
manner that any s emerging will be absorbed. The connection be- 
tween these portfolio adjustments and s forms the subject of the 
supply theory of bank funds, formalized by a suitably constructed 
supply function. This function is specified in terms of the concept of 
a loss coefficient. 

In order to obtain an explicit definition of the loss coefficient, X, 
we have to consider in some detail what happens to a bank’s surplus 
reserves as a result of any given asset-expansion, x. A classification 
of the possible forms in which surplus reserves can be drained away 
whenever earning assets are increased provides a useful basis for the 
construction of the defining formula: 

i. A portion of the deposits created by x will be withdrawn in the 
form of currency by the borrowers or the payees receiving the 
borrowers’ checks. 

ii. A portion of the deposits created by x will be redeposited at 
other banks. Not all payees receiving the borrowers’ checks 
will deposit at the expanding bank. 

iii. A portion of the deposits created by x may spill over into time 
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deposits and thus raise required and desired reserves against 
time deposits. 

iv. Some of the deposits created by x may remain with the ex- 
panding bank and thus force an increase in required and desired 
reserves against demand deposits. 

We shall now formalize these loss components. The following symbols 

are presented for this purpose: 

ec = spill-over into currency per dollar of z, 

t = spill-over into time deposits per dollar of z, 

?, = proportion of x maintained by borrowers on their deposit ac- 
counts due to minimum balance requirements of the bank, 

p, = checks drawn against x and redeposited at the same bank per 
dollar of z, 

p, = checks drawn against x and redeposited at other banks per 
dollar of z, 

r* = reserve requirements against net demand deposits, 

r* = reserve requirements against time deposits. 

The first five magnitudes satisfy the following equation: 


ec+t+pt+pn+p=1, 


implied by the definitions of the magnitudes involved. 

The reserve requirements are always known to any bank with 
certainty. The bank is also assumed to know with certainty its own 
mind, at least in so far as w,, w,, and p, are concerned. With respect 
to the other magnitudes, the bank is stipulated to operate under in- 
complete information of the stochastic type. Long series of past 
observations enable the bank, in principle at least, to estimate the 
probability distribution of c, t, p,, and p,. In general, a bank will 
also have some hypotheses bearing on the mean of these distributions‘. 
All stochastic variables are supposed to be replaced by their means in 
the subsequent constructions. 

The elements introduced so far permit an immediate formalization 
of the first and third loss components: 

cx is the currency outflow generated by z, 

(7* + w,)tz is the loss in surplus reserves due to an increase in time 

deposits associated with z. 


* The mean of ps will probably be inversely related with the size of the bank and the 
number of its branches. Unfortunately, I find only the most casual evidence publicly 
available to support this hypothesis. It seems, for instance, that ps for the Bank of 
America has a mean of about .5. A medium sized bank in Southern California has a 
mean ps equal to .85, and a few small banks have a mean p; of approximately .93. This 
information does not support the “rule of size”’ formulated by Angell-Ficek and Shaw. 
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The specification of the other two components requires some additional 
considerations. The loss in surplus reserves associated with the re- 
depositing of created deposits at other banks will, in general, not be 
equal to p,x. The collection of checks regularly involves crediting and 
debiting of interbank deposits. The extent to which various channels 
are used for the collection of checks drawn against the expanding 
bank has a significant influence on the loss of surplus reserves result- 
ing from any given asset expansion. In order to incorporate these 
institutional features into our scheme, three additional magnitudes 
are introduced: 

Jf, = proportion of checks redeposited at other banks, drawn against 
deposits created at the expanding bank, whose collection involves 
a transfer of Federal Reserve funds, 

J, = proportion of checks redeposited at other banks, drawn against 
deposits created at the expanding bank, collected by debiting 
the expanding bank’s balances at other banks, 

Jf; = proportion of checks redeposited at other banks, drawn against 
deposits created at the expanding bank, collected by crediting 
the other banks’ deposit accounts at the expanding bank. 

It is immediately obvious that these definitions imply 


Atht+hA=1. 


The information-postulate covering c, t, and p, also applies to the /f- 
factors. 

When checks are drawn against x and redeposited at other banks, 
no surplus reserves will be lost—via this redepositing action—if all 
the checks are collected by crediting the other bank’s deposits at the 
expanding bank, i.e., f,=1. Only if f,+ f,> 0, will such redeposit- 
ing involve a loss in surplus reserves. Thus, we can now specify the 
second loss component with the following expression: 


(1 — fi)psu . 


The fourth component depends on net demand deposits and not on 
total demand deposits. Consequently, variations in balances at other 
banks associated with the asset expansion via the f-factors must be 
explicitly accounted for. The remaining increase in demand deposits 
associated with x is given by 


2 —cxu—ta—(1l—f,)p,2. 


The change in the expanding bank’s balances at other banks f,p,2 
must be added to the remaining increase in demand deposits. As a 
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result, the remaining increase in net demand deposits becomes 
(l—c—t—fip,)c. 


By multiplying this expression into (r* + w,), we obtain the increase 
in required and desired reserves against demand deposits associated 
with the asset expansion x. The total loss, J, in surplus reserves, 
originated by asset expansion, x, is the sum of the four components. 
So we have 


(3) L=[e+ (ri + w,t + (1 — fp. + (r* + w)1l—¢ —t—fp,)jz. 


The loss coefficient, \, measuring the loss in surplus reserves per dollar 
of asset expansion, is then defined by the bracketed expression in (3).° 
All the concepts required for the construction of the supply function 
of bank funds have now been introduced. Let a’ designate the supply 
quantity of such funds; then we define a’ by the following relation: 


(4) at = = (v — v4) = a(v, 7, b, a, dy, dy, 2), 


i.e., surplus reserves multiplied by the bank’s expansion coefficient 
(=reciprocal of the loss coefficient) determine the current rate of change 
in the bank’s asset portfolio and thus the supply of funds. The sign 
of the surplus reserves determines the sign of a’. According to this 
construction, the properties of the bank’s fund supply function reflect 
the properties of the bank’s stock demand function for cash assets. 
The derivatives of a follow immediately from the derivatives of v*. 
Two of them are of basic importance: 4éa/5v and Sa/dr. The effective- 
ness of monetary policy hinges crucially on these two properties. The 
reaction patterns of a with respect to 6 and a formalize standard 
assertions of Federal Reserve publications and the money and banking 
literature. These assertions are plausible enough, but so far there 
has been no systematic evaluation of their validity. The money supply 
schema to be constructed provides a framework which will enable us 
to appraise the relative significance of variations of bank indebtedness 
**b’’ and the loan-investment ratio ‘‘a’’ in the money supply mechanism 
and to assay also the v*-function’s interest elasticity’. 

* Appendix I investigates the properties of 4 in some detail. 

* It has been asserted in the literature, particularly by Shaw in Money, Income and 
Monetary Policy (Chicago: Irwin, 1950), p. 132, that banks may be forced by inadequate 
and interest-inelastic loan demand to hold undesired surplus reserves. This thesis thus 
claims that under specifiable conditions banks are ‘“‘pushed off’’ their cash asset demand 
function. The postulated properties of the v* function imply that some arrangement to 


prevent banks from competing for assets by appropriate adjustments in pertinent prices 
ic a mecessary condition for the persistence of surplus reserves. The existence of a 
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A supplementary relation is constructed in this section which explains 
the conditions generating surplus reserves for a given bank. This 
supplementary relation forms an essential building block in the con- 
struction of a useful money supply function. All the events and 
magnitudes which shape the emergence of s are classified in eight 
categories. These will be discussed presently, and a formal expression 
will be associated with each category. The sum of these expressions 
will provide an exhaustive statement of the processes generating sur- 
plus reserves. 

i. Currency flows in and out of banks for reasons other than changes 
in the asset portfolio and ussociated changes in deposits. Other factors, 
besides deposits, determine the public’s demand for currency’. Thus, 
we isolate a currency flow independent of changes in portfolio and 
deposits. We denote this net currency inflow into the bank by »,. 
The volume of s generated by such a net inflow is given by the ex- 
pression 


[1 — (r* + w,(1 — g,)]r, , 


where g, is the marginal adjustment in the bank’s balances at other 
banks to the change in deposit liabilities associated with n, flows. 

ii. The formulation of the loss coefficient assumed the existence of 
a demand function for time deposits on the part of the public. This 
demand function contains other variables besides demand deposits as 
arguments. Variations in these other magnitudes generate conversions 


market for government securities in which banks operate competitively with other eco- 
nomic units renders the thesis rather dubious. Economic theory assigns a negative 
interest elasticity to the public’s stock demand for such securities and we have no basis 
in monetary theory to deny this. Consequently, banks are apparently always able to un- 
load (or acquire) surplus reserves through operations on the bond market. Still, the 
thesis requires a careful formalization and evaluation. The macro-schema eventually to 
be constructed provides us with an instrument for such appraisal. 

7 We postulate the existence of a stable demand function for currency; C” = en(z) + 
o.M. ec; is a function of the banks’ currency spillover rates contained in their loss co- 
efficient. The nature of this function defines the aggregation procedure involved. 2z is 
a vector of variables, and c) a function with z as argument. An investigation of some 
aspects of this first component of the public’s demand function for currency was pre- 
sented by S. L. MacDonald, ‘‘Some Factors Affecting the Increased Relative Use of 
Currency since 1939,"" Journal of Finance, Vol. XI, 1956, pp. 313-27. Consider also 
Phillip Cagan’s ‘‘The Demand for Currency Relative to the Total Money Supply,” 
Journal of Political Economy, Vol. LXVI, 1958, pp. 303-28. Cagan’s demand function 
differs in several respects from the one used here. But his study indicates the 
most important magnitudes to be included under z. The currency flows designated by 
m, are related to variations in ~. A given change, Jeo, is equal to the sum of the m 
taken over all banks. Thus, an individual bank’s n; depends on dc) and its ‘‘relative 
position’’ in the system 
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of demand into time deposits or vice versa, i.e., we admit the ex- 
istence of a flow of funds between the two classes of deposits inde- 
pendent of changes in the asset portfolio and associated deposit changes’. 
Let n, denote the net conversion of demand into time deposits at the 
given bank; then the volume of surplus reserves emerging is expressed 
by 


[(r* + w,)(1 — 92) ‘—> (r’ + W,)|N, . 


iii. Checks are drawn against already existing deposits of a bank 
and redeposited elsewhere. These checks are currently balanced by 
checks drawn on other banks and deposited at the given bank. The 
difference between the accrual of checks drawn against other banks 
and checks drawn against existing deposits at the given bank and 
redeposited at other banks is denoted by n;. The mn, flows in the 
system are actually generated by two distinct mechanisms: One is the 
redistribution of already existing deposits over the system of banks; 
the other is the redistribution of new funds issued by the Federal 
Reserve over the system. Such a redistribution of new reserves ac- 
companies every change in some asset portfolio. Consequently, a 
positive , of some bank may result either from a shift in existing 
deposits to this bank or from asset expansions at other banks. In 
general, the larger the asset expansion at other banks, the greater 
will n, tend to be. The volume of s obtained from n, is given by 


{(1 — 9) —(r* + W,)g,|N; ’ 


where g, and g, specify the proportion of the ‘‘clearing balance’”’ col- 
lected via the Federal Reserve mechanism and via debiting the receiving 
bank’s liabilities to other banks. 

iv. Surplus reserves will emerge from transactions between the 
Federal Reserve Banks and the bank under consideration. Two types 
of transactions must be distinguished. 

nm, is the net accrual of cash assets associated with transactions 
between the bank and Federal Reserve Banks which involve either 
the bank’s other (i.e., non deposit) liabilities (e.g., borrowing 
from the Federal Reserve) or the bank’s earning assets. 


® Similar to the currency case, the demand function for the time-deposits is postulated 
to be 


T=t(y)+tM. 


t; is an aggregate of the bank’s spillover rates into time deposits. y is again a vector; 
it may contain interest rates on time-deposits, other interest rates, service charges on 
checking deposits, real wealth, etc. The sum of nz flows in the system is equal to the 
variations in to, according to the formula stated in Section 3a of the text. 
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m, is the net accrual of cash assets associated with transactions 
between the bank and the Federal Reserve which involve the 
bank’s deposit liabilities with the exception of other banks’ ac- 
counts at the given bank. Examples: Transfer of Treasury 
funds from tax and loan account to Federal Reserve account; 
open-market operations which involve buying or selling by the 
public. 

With these specifications, the contribution of this class of transactions 
to s is given by the expression 


N, a (1 as v)Ns ’ 


where » depends on the assumption to be made concerning the be- 
havior of the deposits generated not by changes in the asset portfolio 
but by transactions with the Federal Reserve Banks. If we assume 
that the same pattern applies to both types of deposits, we have 
y=X. The minimum assumption would be that v = (r* + w,)(1 — g,). 

v. Changes in reserve requirements form a major source of s. The 
volume of surplus reserves which emerges under this heading is 
measured by 


— 4r*d, = 4r‘d, . 


vi. A bank’s total demand for cash assets was specified by a demand 
function. Within a given total, variations may occur among the two 
major components. Such allocative variations between Federal Reserve 
money and balances at other banks occur partly in the form of marginal 
reactions to a bank’s deposit changes. Previous specifications deter- 
mine this portion of a bank’s cash asset pattern’. Another portion 
reflects reallocations within the demand component w,. The existing 
definition of ‘‘net demand deposits’’ implies that these changes in the 
composition of w, contribute to the current rate of s generation. The 
effect on s of a bank’s reallocation of cash assets from Federal Reserve 
money to banker’s balances which occurs independently of deposit 
changes—measured by J4h,—is stated by the expression 


(r* + w,)4h, . 


vii. A bank may be the recipient of Federal Reserve funds result- 
ing from other banks’ reallocation of their components of w,. Let d} 
indicate the bank’s deposits which are balances included in other banks 
w,. Actually d? is a component of d,. The accrual of s resulting in 

® The previous specifications determine the following change in a bank’s balances at 
other banks associated with changes in its deposit liabilities: 
gem + ne + ns) — fepske . 
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this manner is given by [1 — (r* + w,)(1 — g,)]4d?. 

viii. Absorption and release of s associated with variations in v* 
resulting from a’ operate via the marginal propensities w,,w, and 
have been included in the loss coefficient. Variations in w, occur inde- 
pendently of a’ and concomitant deposit changes. These variations 
immediately generate s. Thus, the last category contributing to sur- 
plus reserves is —4w,. 

The above eight components completely determine s by means of the 
following relation: 


{1 i (r4 + w,(1 “- 9.)|n, [(r* a w,)(1 vag 9:) = (r’ + w,)|n, 
+ [(1 — 9;) — (x* + w,)g,)n, + m, + (1 —v)n, 
— 4r*d, — Ar'd, + (r* + w,)4h, 
+ [1 — (r* + w,)(1 — g,)]4d} — 4w, = 8. 


(5) 


Relations (4) and (5) together constitute our basic framework. Relation 
(5) describes the emergence of s, and relation (4) describes the bank’s 
reaction to s in the form of a demand for earning assets designed to 
absorb this s. 


3. MACRO-THEORY: CONSTRUCTION OF THE AGGREGATIVE SCHEMA 


The discussion of the single bank’s position may be used to builda 
theory which contains some general propositions concerning observable 
patterns of individual banks. This is not a major purpose in monetary 
theory. Relations (4) and (5) are important because they provide a 
framework guiding the construction of an aggregative schema which 
will be useful for the specification of an empirical money supply function. 

Traditionally, the system’s reaction pattern is derived from the single 
bank’s formula either by means of a reinterpretation of the compo- 
nent magnitudes in the loss coefficient or with the aid of a rudimentary 
dynamic analysis. This reinterpretation proceeds in the following way: 
The various components are more or less explicitly redefined relative 
to the system, and the system is treated as if it were a single bank. 
As a result of this reinterpretation, p, practically vanishes. Con- 
sequently, in this manner, the system’s loss coefficient would be 


(6) M=e+(r* + w,)t + (7* + w)(l—c—t). 


The reinterpretation procedure obtains, in general, a »’ with an 
obscure and tenuous meaning in terms of the system’s micro-structure. 
Analytically more satisfactory aggregation processes are at our dis- 
posal. One is based on a matrix multiplier analysis, and the other 
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considers a suggestion made by Philipps but first formalized by Rogers.” 
The latter approach, explored in this paper, constructs the aggregate 
expansion coefficient as the limit of a series whose terms describe the 
single bank’s adjustments to its surplus reserves. The derivation of 
the aggregative formula proceeds in the following manner: Let the 
system’s surplus reserves at a given point in time be s,. It is assumed 
that all surplus reserves are always located with one bank and all the 
banks’ expansion coefficients are identical. The bank possessing s, 
will expand assets by an amount ks, The volume of checks drawn 
against the first bank and redeposited at a second bank will be p,ks,. 
The public’s deposits at the second bank change by the same amount. 
This magnitude will differ in general from the accrual of cash assets 
to the second bank, which is equal to the increase in total deposits 
expressed by (1 — f,)p,ks,. All the f-factors in the formulas have the 
established meaning, i.e., they are defined relative to the expanding 
bank. We consider now the reserve drains occurring at the second 
bank associated with the deposit gains resulting from the first bank’s 
asset expansion. This formalization depends on our choice of a basis 
for the spillover rates c, and t,. They may be related to total deposit 
accrual (1 — f,)p,ks, or to the public’s deposit gains p,ks,. We choose 
the latter basis. The sum of currency drain and drain into required 
and desired reserves against demand and time deposits is expressed by 


c,p,ks, + (r* + w,)pks, + (r* + wifi — C, — t,)Dsksp . 


These reserve drains must be subtracted from the cash assets received 
by the second bank. The difference is the volume of surplus reserves 
in the system after the first round of asset expansions: 


(7) & =(1-—f/,—¢, —t(7r* + w,) — (r* + wf, — C2 — t,)]D ks, . 


Given any s,, the formula determines the unfolding sequence of surplus 
reserves. Associated with this sequence is one specifying the changes 
in the money stock. In order to express these changes, we include 
time deposits in the money stock, but exclude interbank deposits. The 


10 J. H. Rogers, ‘“‘The Absorption of Bank Credit,”’ Econometrica, Vol. 1, 1933, pp. 
63-70. Rogers was the first to obtain the system’s expansion coefficient k explicitly as 
the limit of a geometric series describing successive reactions of single banks to the 
continuous redistribution of surplus reserves. But this derivation is made under highly 
restrictive assumptions which rule out all currency flows. Shaw presents on p. 140, op. 
cit., a short verbal discussion of the expansion process in a two-bank system. At every 
step of the process, one of the banks expands according to its k and the surplus reserves 
obtained via the clearing. Shaw seems to think that this process necessarily leads to a 
result expressed by the k* obtained by reinterpretation of the single bank’s k. Com- 
parison of (A — ») with 4* reveals that this is in general not the case. 
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addition to the money stock which results from ks, appears at both 
the expanding bank and the second bank which receives the redeposited 
checks. The addition made at the first bank is measured by (1 — p,)ks,, 
and the addition made at the second bank by p,ks,. Their sum is ks,, 
i.e., equal to the asset expansion. Consequently, the increase in the 
money stock associated with any s, is 4m,= ks, The total amount 
of money created by s, is then the sum of these additions made in 
each round of asset expansion. Consequently, the total addition is ex- 
pressed by 


(8) dm = Sm, = 1 + 3 (uh! |s,, 


t=-0 t-1i 


where 
(9) H=[1-—fi—¢,—t{r' + w,) — (7* + wf, — ¢, — t)]D, « 


Two postulates are introduced at this point, and they both form es- 
sential steps in the process leading to the money supply function. 
First, wk is stipulated to be a positive number in the open interval 
(0,1). This restriction assures a non-oscillatory convergence of the 
series. Secondly, it is stipulated that the system’s adjustment process 
to any s is sufficiently rapid relative to the time interval for which 
our data are defined. The speedy absorption of surplus reserves by 
the system enables us to approximate observable reactions with the 
aid of the limit of the series. 

An aggregative relation which corresponds to the micro-relation (4) 
immediately emerges from these two postulates. This aggregative 
relation specifies the total rate of change of the money stock induced 
by the system’s surplus reserve position ¢. Thus, we formulate the first 
component of an aggregative schema describing the system’s behavior". 


11 The implausibility of some of the assumptions used to derive (9) may detract atten- 
tion from the empirical usefulness of the supply schema ultimately constructed. The 
prevalence of the ‘‘fallacy of denying the antecedent’’ and the misconceived idea of 
uniqueness with respect to sufficient conditions in the literature necessitate two ex- 
planations: 

(a) A valid deduction transfers the truth of the premises to the conclusion, but it does 
not transfer falsehood. 

(b) The assumptions were chosen for their simplicity. The linear succession of single 
banks, the concentration at any moment of time of the system’s surplus reserves 
at one bank and the equality of all banks’ pertinent coefficients can be dismissed from 
our analysis. Even with the admission of a simultaneous movement of bank expansions, 
of a wide distribution of surplus reserves over the system and significant differences 
between individual banks’ behavior characteristics, we can still derive the multiplier 
formula k'/(1 — wk*). k' and k* are in general distinct averages of all banks’ expansion 
coefficients and » an average of all the banks’ ~%;. This result will be established in 
a forthcoming paper mentioned in footnote 3. 
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(10) Pet»: or M= 1 Oo. 
1 — wk y— pe 





A discussion of some basic properties of the monetary multiplier 
(\ — #)* is contained in Appendix II. 

We now formulate an aggregative counterpart to the second micro- 
relation given by equation (5). Aggregation proceeds by simple sum- 
mation after a suitable adjustment of these relations. The system’s 
total volume of surplus reserves o is determined by the expression, 


(11) G= —Aa,6, + a.t, + be + a,B ad + ao + » Bi — W, . 


The following discussion describes the connection between (5) and (11): 

a. The first two components describe how currency flows and con- 
versions into time deposits independent of portfolio changes contribute 
tos. The variables c, and t, have already been introduced as the first 
components in the public’s demand functions for currency and time 
deposits. The coefficients a, and a, are specified as averages of the 
pertinent components in (5). The defining relations are 


yar + wl 90) 91 ; 
i=1 Co 
yo et + wid = gu) = (r* + WI) ny , 


q=>- 





a, = = 
i-1 to 





where 


—é,= Doni; t, = N3 . 
{=1 t=1 

b. The third component of the micro-relations has already been 
partly aggregated by the multiplier equation (10). It has been pre- 
viously remarked that the flow components 7, consist of two distinct 
subcomponents. The subcomponent resulting from the redistribution 
of cash assets associated with individual banks’ asset expansion forms 
a part of the multiplier mechanism summarized by (1 — yp)". The 
other subcomponent, resulting from the redistribution of already exist- 
ing deposits among different banks still needs aggregation. We des- 
ignate with n}! the subcomponent under consideration for the ith 
bank. The sum cf all n!‘ is by construction zero. The magnitude /' 
introduced by the definition 


Ut = Sof — gy) — (r** + wig ns 


measures the rate at which surplus reserves are generated over the 
system by the current redistribution of already existing deposits. 
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The contribution of this mechanism to o depends on the existence of 
significant differences in the bracketed expressions for different banks. 
Such differences are not a sufficient, but are a necessary, condition 
for this mechanism to affect ¢. Also, these differences are not uniquely 
determined by differences in reserve requirements. A systematic con- 
tribution to o can be expected if there is a positive association between 
the signs of the n}' flows and the relative size of the bracketed ex- 
pressions. In particular, if banks with positive nj‘ tend to possess 
larger magnitudes [(1 — f,,) — (r“ + wi)f,] than banks with net out- 
flows, then this deposit redistribution mechanism generates surplus 
reserves over the system”. 
c. Summation of the fourth component results in the expression 


LD [ni + nia — v4). 

t=1 
The sum of n‘ and nj is, by definition, equal to the rate of change of 
the monetary base B. The macro-component a,B is equal to the above 
sum of micro-components provided the following equations are satisfied: 


a,=v+(1l—vy\l—vp), 


es a ; t—-y= DO—m 
Lu (ni + ns) > ni 


where v measures the portion of B which accrues to banks without 
simultaneously raising their deposits. 

d. The fifth component, l*, describes the volume of reserves cur- 
rently liberated (or frozen) by changes in reserve requirements. This 
magnitude is the sum of all corresponding components of the micro- 
relations according to the definition 


P= — DS (rd, + Fd!) . 


The sum of l' and /? is denoted by 7°: This quantity measures the 
current rate of o generated via fiat changes in reserve requirements 
or changes in the system’s average reserve requirements induced by 
shifts in the relative position of single banks associated with the deposit 





, 


‘2 The literature on money and banking repeatedly asserts the possibility of serious 
volatile shocks exerted on the money stock by this deposit redistribution process. This 
possibility certainly exists. Contrary to a prevalent psychological reasoning in economics, 
accepting such a possibility has no implication as to its relevance. Computations of the 


effect of l' on M have shown two important features: i) The effect is very small, e.g., 
the annual rate of change in M attributable to this process is at most 0.2 percent in the 
last fifteen years and as a rule less than 0.1 percent; ii) The operation of this process 


on M exhibits a strongly marked pattern of regularity 
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redistribution mechanism. 

e. The sixth term of the macro-relation expresses the contribution 
of variations in the system’s interbank deposit structure to the genera- 
tion of surplus reserves. The coefficient a, is the sum Dini(1™ + wi) 
of the average reserve requirements against demand deposits and 
average marginal propensities of the Federal Reserve System’s four 
major groups of commercial banks. The magnitude é, denotes an 
average of the rate of change in the four groups of banks’ net posi- 
tion on interbank deposit account”. 

The last two terms are sums of the corresponding individual com- 
ponents. Thus, (w, — 7¥,) designates the rate of change of the banks’ 
demand component for Federal Reserve money in excess of required 
reserves, which is independent of their deposit liabilities and dependent 
on interest rates. 

The multiplier relation (10) only determines the rate of change in 
M associated with the bank’s portfolio adjustments to a given surplus 
reserve position. The discussion of the components in the supplementary 
relation indicates that there exist transactions, denoted by n,, which 

18 All banks are divided into four categories: Central Reserve city banks (1), Reserve 
city banks (2), country banks (3), and non-member banks (4). For each group of member 


banks we observe a unique reserve requirement r“*, i = 1,2,3. The reserve requirement 
associated with the non-member banks must be specified as an average 


E (hs — de’) 
j=1 





r= 
X (ho — do’) 


with the sums taken over all m, non-member banks. An average marginal propensity 
Wis, 8 = 1,2,3,4, is defined analogously for each group. Each group’s position on inter- 
bank deposit account is defined by 


Ms 
ha — (1 — gide* = & fhe’ — (1 — giao”), 
=1 
the summation running over all banks j in group s. Thus we ultimately specify 


4 s 
¥ (r* + wi[ho — (1 — ges)do"] 
1 





$ das 8. 
a= >d(r +wi), and e= ar 
a > or + wi) 
s=1 
The macro-variable yo is defined by the sum Thoids’. With these specifications, it is 
easy to establish that 


Geto + fo = 3 (9! + wish + E [1 — (e+ wil — ged) — 4d, 
{=1 


i.e. the sum of the two macro-components is equal to the sum of the corresponding 
micro-components taken over all banks. The aggregation procedure thus separates the 
volume and the distribution patterns of interbank deposits into distinct terms of the 
macro-relation. 








94 KARL BRUNNER 


generate changes in the money stock independent of portfolio adjust- 
ments. 

The current rate of this direct contribution to the money stock is 
measured by (1 — v)B. This magnitude is added to the original multi- 
plier relation. We obtain 


1 


o+(1—wvB. 





(12) M= > 


Equation (13) follows immediately from (12) by replacing o with the 
aid of (11) 


(13) M = —mé, + m,t, + mJ + mB + még, + mi, — w,) , 


1 ; 
= ’ = ’ = 1, 2, 4 . 
My Y—z mM, = MA, t 
The coefficient m, is defined by 
m, = m{v + (1 — v)(l — »)] + 1 — v) =m, + (1 — v)(l — vm). 


The second component in m, vanishes as v tends to one. Thus, for 
v=1, m, coincides with m,. If both » and v are zero, then m, = 
m,+1; if »y=1 and v=0, then m,=1. This last case would not 
be consistent with the available evidence on m,. Evidence also sug- 
gests that 0<v<1. It is assumed that »=m,;'. This condition 
eliminates the second component, so that m,= m,. The resulting 
simplification permits the combination of m,l’ + m,B into a single ex- 
pression m,(B + 1’). 

Equation (13) states a formal construct for the discussion of the 
growth rate of the money stock. The usefulness of such schemata 
depends on the degree of corroboration of the hypotheses to be erected 
on their basis. Such hypotheses require definite restrictions on the 
coefficients m,. Previous assumptions combined with the process of 
constructing m, and m, establish the existence of definite values for 
these coefficients. This is not the case for a, and a, (and thus for m, 
and m,). It is therefore postulated that the flow patterns underlying 
these coefficients exhibit a persistent structure, which would assure 
approximate constancy for a, and a, for ali é, #0 + ty. In case é, = 
0 =t, the coefficients are indeterminate by construction. This inde- 
terminacy is removed by arbitrarily assigning the values of a, and a, 
obtained for ¢, + 0 # t, to the case of é, = 0= t,. This removal of a 
possible indeterminacy of m, and m, is consistent with the aggregation 
procedure. 

A schema for the specification of a money supply function can now 
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be obtained by term-wise integration of the growth rate expression. 
However, this process raises some difficulties. All the coefficients m, 
(j =1,---,4) are functions of the reserve requirements. As it hap- 
pens, reserve requirements are constant over lengthy intervals. This 
enables us to integrate the growth functions at least over these inter- 
vals. The result is: 


(14) M=a—m,, + m,t, + m(B+ L') + mg, + m(% — w,) , 


where a is the integration constant. 

A reduction in 7* and 7? raises <a, and m, and very likely contracts 
m, and m, The multiplier’s sensitivity to variations ii r* has been 
evaluated in Appendix II. It is shown that a .01 change in r* means 
approximately a 2.5 percent change in m,. Thus, with the exception 
perhaps of 1936-37, differences in m, associated with variations in r* 
can, in general, not be discerned from sampling fluctuations in the 
estimates of m,. Such obliteration of the systematic connection be- 
tween m, and 7“ suggests an extended application of equation (14) to 
cover intervals containing fiat changes in reserve requirements, pro- 
vided these changes do not exceed .03 in numerical value. 

The money supply function explains the observable behavior of the 
money stock in terms of a specified combination of magnitudes. Such 
a function, expressing a confirmable hypothesis, is obtained from the 
schema (14) with the assignment of semantic rules to the variables 
and definite values to the coefficients. The selection of these rules 
and the derivation and testing of coefficient values will not be discussed 
in this paper. Still, the schema constructed is sufficiently specified to 
describe some general features of the money supply mechanism. 

The multiplier m, dominates all the coefficients in the schema. It 
describes the reaction in M to a unit change in the monetary base. 
The same reaction is predicted for a unit change in the total volume 
of interbank deposits or for every unit of reserves liberated by changes 
in reserve requirements. The definition of m, established that m, > 1. 
The construction of the schema also implies the following order of 
magnitude relations among the coefficients: 

m>m,>m,, and m>m,>m,. 
These inequalities follow immediately from the definitions of the a, 
which multiply m, to obtain m,,71 = 1,2,4. The schema is insufficiently 
specified to determine the comparative order of m, and m,. The two 
coefficients may very likely be similar. 

Interbank deposits are a major institution inadequately integrated 
into traditional money supply theory. It is explicitly incorporated into 
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the schema in 2 manner which separates a structural and a scale effect 
on M of variavons in interbank deposits. The structural effect is 
generated by changes in the distributional patterns of a constant 
volume ¥, of interbank deposits. This volume is equal to the sum 
di.,Ai of all balances at other banks of the three groups of member 
banks and the non-member banks. It is also equal to the sum )j.,d>' 
of all interbank deposit liabilities of the four groups of banks. We 
have thus to distinguish two distinct distributional patterns, the h, 
and the d? pattern. The effect on M exerted by any given change in 
each pattern is formulated by the two statements 


dM, = ms 3 [(r* — r%) + (wi — wins , 


dM, = my > [1 — gud(r® + wh — 18 — wi)]dd?* . 


We notice that parallel changes in the h, and d} distributions have 
opposite effects on M. An increase in balances of Central Reserve city 
banks compensated by a reduction in balances of Reserve city banks 
(i.e., 4h} = —4h? > 0 and 4h, = 4h, = 0) raises the money stock. A 
reduction in other banks’ deposits at Reserve city banks compensated 
by an increase in other banks’ deposits at Central Res -ve city banks 
(i.e., 4d} = —4d?>0 and 4d} = 4d} = 0) lowers the r sney stock. The 
formulas indicate that the structural effect depends crucially on the 
difference between reserve requirements and marginal propensities to 
hold cash assets relative to deposits. If we disregard the marginal 
propensities w, and w, then the existing r“‘ would imply approximate 
values of .02, .07, and .08 for the bracketed expressions. Estimates 
of m, in Table 2c associated with the money supply measure M’ (cur- 
rency outside banks and demand deposits adjusted) and M* (M' plus 
time deposits of commercial banks) permit an evaluation of the order 
of magnitude of the structural effect. A reallocation of $3 billion of 
interbank deposit liabilities from Central Reserve city banks in equal 
shares to the other three groups would raise M* approximately $.4 
billion and M* by approximately $.6 billion. A one percent variation 
in the money stock M' would require a reallocation of interbank deposit 
liabilities of about $8 billion from Central Reserve city banks to country 
banks and about $28 billion from Reserve city to country banks. Re- 
allocations of such magnitudes are extremely unlikely to occur within 
the span of one or two years. The more likely distributional changes 
would have a correspondingly smaller impact on the money stock. So 
far, we have neglected to consider the marginal propensities w,, and 
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w,. Casual inspection of data suggests the existence of an inverse 
relation between r“ and w,,. If this relation were to be substantiated 
we would probably have to conclude that the product of m, with any 
of the bracketed expressions is of very small order. In such a case 
even extremely unlikely variations in the distributional patterns would 
generate variations in M barely discernible from random fluctuations. 
Purely redistributional effects of interbank deposits could, under 
these conditions, be neglected. 

The scale effect of variations in interbank deposits isolates the im- 
pact of changes in the total volume from changes in the distribution 
pattern. In this case the patterns of h, and d} are held constant. The 
scale effect is measured by the differential 


aM = M(a€> + y)dg , 


where dg indicates the change in a scale number. Let dg = $1 billion/7,, 
so that dg is a pure number. Then we may write 


a {a €,°$1 billion 


+ $1 billion | —~ m,*$1 billion . 


Thus a unit change in the total volume of interbank deposits y, with 
constant h, and d? proportions would cause about the same reaction 
in M as would a unit change in the monetary base. 

The derivation of (14) also reveals that the definition of net demand 
deposits determines the coefficients of ¢, and y,. A redefinition of 
‘‘net demand deposits’? which equates them with demand deposits 
would eliminate ¢, from the schema and modify the coefficient of ¥, to 


f ai sf bi 
Mz > (1 => _ w}) d5 <™. 

The redefinition would therefore completely eliminate any structural 
effects of interbank deposits and compress their scale effect by approxi- 
mately one-fifth. If y, were to exhibit irregular and considerable 
variations, such a redefinition would improve the degree of control 
over M exerted by the monetary authorities. 

The schema indicates no reason to expect the ratios M/B or 4M/4B 
to be approximately constant. The public’s behavior expressed by ¢, 
and t, and the banks’ behavior expressed by y, and w, contribute 
jointly with B or B+ L* to shape the movement of M. Substantial 
variations in the ratios indicated are quite consistent with any hy- 
pothesis based on our schema, provided the variations can be traced 
to ¢,, to, %, w, or L*. Irregular variations in these ratios present no 
evidence for the ‘‘inherent instability of monetary affairs’ but reflect 
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only an inadequately constructed hypothesis. Tables le and 2c contain 
a summary of statistical estimates related to equation (14). Table lc 
compares the correlation coefficients of a simple hypothesis, which 
acknowledges only Bas a determinant of M, and of extended hypotheses, 
which also consider the effect of c¢,,t,, and L* on M, for four disjoint 
sample periods. Such a comparison of correlation-coefficients is based 
on their interpretation as measures of the comparative predictive 
performance of the hypotheses under consideration’. The sample 
estimates thus establish that the neglect of c,,t,, and L* results in a 
hypothesis with poor and unreliable predictive power. Table 2c cor- 
roborates this conclusion. The relative stabilization of the estimates 
of the monetary multiplier drawn from sample periods with radically 
different ‘‘economic climate’’ supplies additional evidence for the com- 
parative relevance of a hypothesis which explicitly recognizes the 
operation of currency demand, time deposit demand, and the cumulative 
effect of changes in reserve requirements in the explanation of M.” 


4. CONCLUSION 


We started with the concept of a demand function for cash assets, 
developed the concept of the loss coefficient and, with the aid of a 
series of additional assumptions, derived an aggregate money supply 
function. The money stock is explained in terms of some component 
of the publie’s demand functions for currency and time deposits, the 
monetary base adjusted for the cumulated reserve liberations, the 


1¢ See in this context H. Theil, Economic Forecasts and Policy (Amsterdam: North- 
Holland Publishing Co., 1958), pp. 211-12. Theil justifies the choice of maximum (multiple) 
correlation as a criterion of selecting hypotheses. He shows that this criterion will ‘‘lead 
us’’ in the average ‘“‘to the correct choice’’ of hypothesis in terms of the ultimately 
pertinent criterion, viz. predictive or explanatory performance. 

18 The coefficients of equation (14) were specified for a money stock measure which 
includes time deposits. In case we desire to use a more restrictive measure excluding 
time deposits the coefficients require suitable adjustment. The construction of (14) deter- 
mines the nature of these changes: 

(a) The monetary multiplier mo changes to [1 — (t: + teps)](A — n)-!. 
(b) The relative changes in the monetary multiplier differ from those presented in Ap- 
pendix II in the following manner: 
i. The relative change with respect to ps is less by te{l — (¢: + teps)]-!. 
i. The relative change with respect to (t; + teps) is less by [1 — (t: + teps)]-!. 
iii. The relative change with respect to all other components is numerically smaller 
according to the proportionality factor [1 — (¢: + teps)]. 
(c) Equation (12) is to be replaced by M = mo + (1+ vB —t . This modification im- 

plies that the coefficient of t) in the adjusted money supply function is now (moaz — 1). 
(d) Substitution of a less inclusive for a more inclusive money stock measure thus 

lowers the value of the multiplier and changes the sign of the ty coefficient. 
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interbank deposit structure, and a specific component of the banks’ 
demand for Federal Reserve money. Whether or not this schema will 
actually perform usefully in explaining or predicting patterns of M 
cannot be decided by a priori plausible arguments. Such arguments 
have at best a suggestive force with respect to the construction of 
hypotheses, but they contain no relevant information with which to 
assay these hypotheses by processes of confirmation and testing. An 
adequate completion of money supply theory, based on the above 
schema, requires the selection of semantic rules to be associated with 
Cp, to, L’, w,, and ¥,. Closely connected with this choice of rules is our 
need for more detailed information concerning the patterns dominating 
these magnitudes, so as to suggest the formalization of suitable hy- 
potheses capable of explaining their behavior. Thus, the schema ob- 
tained exhibits a frame guiding further investigations in the field of 
empirical money supply theory. 


University of California (Los Angeles), U.S.A. 


APPENDIX I: PROPERTIES OF THE LOSS-COEFFICIENT 


The derivatives of \% reveal some major features of the loss co- 
efficient, particularly how variations in the component magnitudes 
among different types of banks shape the comparative level of their 
loss coefficient: 


dx 5x dr 
8c “1s Gr bw, . APs 
5. _ 8 er 
Sand lad 3 = —T)+ (— w); 
= f(l—r'—w) +f. 
5p, 


The connection between X and the f-factors cannot be obtained by 
simply differentiating \ with respect to /,. This procedure presupposes 
that the f, are independent of each other and that we may consider 
two to be constant and just one to vary. Their sum, however, is 
unity. Consequently, we differentiate both % and the equation ex- 
pressing this restriction, and so 


dx = —p.df, — p,(r* + w,df, , 
df,+df,+df,=0. 
Actually, differentiation with respect to c,t, and p, is also subject to 
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a restriction, namely, ¢c+t+)>p,=1. We can safely assume that 
?,+p,>0 and thus presuppose that differentiation with respect 
to c,t, or p, always means a compensating variation in p, +p, Ac- 
cording to these derivatives, differences between various banks’ rates 
of currency spillover will probably have a more significant effect oa 
their loss coefficient than differences in (r‘ + w,). Very likely also, 
differences in ¢ are more significant than corresponding differences in 
t. Variations between banks in the magnitude r* + w, will produce 
significant differences in X only if f, or p, is sufficiently small. When- 
ever f, and p, are large, differences (or changes) in reserve require- 
ments have no appreciable effect on the loss coefficient. In a system 
with a high degree of decentralization, reflected by a large p,, and a 
relatively small rate of utilization of correspondent services, expressed 
by a large f,, variations in c are more important than corresponding 
variations in r*. Such a system would also exhibit a significant dif- 
ference in the relevance of r* between banks in financial centers with 
relatively low f, and banks outside such centers with relatively small 
f;. Variations in r* would have a greater importance for banks in 
financial centers. Differences in p, are not necessarily associated with 
similar differences in X\. Different levels of p, have no effect what- 
soever on X if f,=1. Variations in p, have the largest impact on 
if f,=1. In general, differences in p, will induce significant differences 
in \ provided f, + f, is sufficiently large. 

The above statements reveal an indirect significance of the check 
collection patterns described by the f/,. We consider now their direct 
effect on X. Suppose that a larger part of checks redeposited else- 
where are collected via the Federal Reserve mechanism. Thus, we 
have df,>0. This information is not sufficient to specify the effect 
on». Let us, for the moment, consider two alternative specifications 
which would complete the required information: 


i. df, = —df,. 
In this case, we obtain 
dy = —(r* + w,) pdf, <0. 
ii. df, = —df,. 
In this case, we obtain 
dy = pl — r* — w,df,>0. 


In the first case, the loss coefficient decreases, and in the second case 
it increases. Both of these opposite movements of X are associated 
with an increase in the portion of the checks whose collection involves 
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a transfer of Federal Reserve funds. The actual outcome of such an 
increase, denoted by df, > 0, is thus crucially affected by the com- 
pensating changes df, and df,. We can read from the above formulas 
the effect on X of df, > 0, combined with any compensating change 
df, +df,= —df,. The qualitative aspects of the results can be ar- 
ranged in the following table: 

















TABLE la 
da + 0 a 
dfs > —(1 — 74 — wid fi (= Ai) =A; < Ai 
dfs < —(r4 + widfi (= Az) = As > As 











The same table also holds in case df, <0. The rows 2 and 8 indicate 
the restrictions imposed on the compensating variations df, and df, in 
order to assure the sign of dX characterizing a particular column. 

A similar table can be derived which summarizes essential features 
of the case where df, + 0 and df, = —d/f, — df,. 











TABLE 2a 
di + 0 om 
d 
afi > - =A — (= As) = A; < As 
r4+w 
dfs < a (= As) =A, > As 














This second table exhibits clearly the fact that differences in the pro- 
portion of checks collected by debiting the expanding bank’s balances 
at other banks have in themselves no determinate effect on the level 
of X. The precise effect depends on the balancing combination of df, 
and df,. 

A table associated with df, + 0 and df, = —d/f, — df, could be easily 
constructed. The first row of this table would repeat the information 
already contained in row 3 of Table la, and the second row would 
repeat row 3 in Table 2a. Inspection of the two tables reveals that 
specific order of magnitude relations determine the meaning of dif- 
ferences in check collection patterns for X. 


APPENDIX II: SOME PROPERTIES OF THE MONETARY MULTIPLIER 


The monetary multiplier (. — #)~* was derived as a measure of the 
system’s ‘‘built-in’’ magnifying power. This appendix investigates the 
institutional patterns of the monetary system associated with a rela- 
tively large or small multiplier. The results of this investigation 
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possess a more general interest than the specific higher level hypoth- 
esis underlying equation (10) would suggest. The alternative and 
more general higher level hypothesis mentioned in footnote 11 and 
constructed in the paper referred to in footnote 3 assigns properties 
to the multiplier consistent with the patterns implied by the relatively 
simple hypothesis presented in this paper. 

The following table describes the relative change in the multiplier 
associated with a unit change in each one of its component magnitudes: 












































TABLE 1b 
Unit Change in Associated with Relative Change of (A — »)~! 
_(h-fd tort — rt — w;) + te(rt + we — r* — wi) 
Ds op 
o* onl um _1= (er + cops) — (tr + taps) — 9 
A-—p 
(r* + wi — 1) 
C1 + Cops Em <0 
4+ wi — rt — we 
th + tops a ; >0 
= 
Se, with fs constant =" <0 
—4 
fs, with fe constant Ps 59 
=, 
fe, with fi constant PR <0 
<> 
Js, with f; constant ra >0 
Na 








Variations in r* have the expected effect on the multiplier; an in- 
crease in r* reduces (.— #)"*. A rough estimate of the order of 
magnitude can be obtained in the following manner: Table 2c in 
Appendix III indicates that (\ — 4)" is approximately 3.2, and the 
numerator of the relative change in (\ — #4)" with respect to r* will 
most probably be about .7 or .8. Consequently, the value of the 
formula approximates 2.5. Multiplication of this magnitude with 
100 x dr* expresses the percentage change in (\ — #4)“ associated with 
a change in reserve requirements dr*. Thus, for every .01 point 
change in r*, the monetary multiplier will change by about 2.5 percent. 

Variations in r* are most probably of considerably smaller significance 
to the monetary multiplier. The numerator in the appropriate formula, 
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i.e., (t, + t,p,), is at most .15, and thus the reduction of the multiplier 
associated with a .01 point rise of r‘ would be around .5 percent. 
Thus, the monetary multiplier appears to be insensitive to variations 
in reserve requirements against time deposits. 

An increase in currency spillover rates compresses the system’s 
multiplying power, and an increase in the spillover to time deposits 
raises it. Comparison of the numerators of the formulas related toc 
and ¢t suggest that the effect of variations in the currency spillover 
will dominate the effect of variations in the spillover to time deposits. 
Thus, differences in the public’s marginal propensity to hold currency 
are more significant for the multiplier than are differences in the 
public’s marginal propensity to hold time deposits. 

The re-deposit ratio p, may be interpreted as a measure of the 
banking system’s degree of decentralization. The sign of the relative 
change in (\— #4) induced by a unit change in p, is not uniquely 
determined without further specification. The second term of the 
numerator has most likely a larger numerical value than the third 
term; thus the sign of the numerator hinges crucially on the check 
collection patterns formalized by f, and f,. If a sufficiently large 
portion of checks are collected by crediting the receiving banks’ 
deposits at issuing banks, then a lower degree of decentralization will 
compress the multiplier. On the other hand, a sufficiently large portion, 
f,, of checks collected by debiting the issuing banks’ deposits at receiv- 
ing banks means that a lower degree of decentralization will raise the 
multiplier. Also, a sufficiently large portion, f,, of checks collected by 
a transfer of Federal Reserve funds will lower (f, —f,) below the 
positive sum of the second and third terms of the numerator and will 
thus assure a negative association of p, and (j — #4)"*. Whatever the 
sign of this association may be, an inspection of the formula suggests 
that it is most likely to be small. 

The last four formulas of the table describe the influence of check 
collection patterns on the monetary multiplier. An increase in the 
portion, f,, of checks collected by operating on receiving banks’ deposits 
at issuing banks raises the multiplier, irrespective of whether this 
increase occurs against a decline in f, or f,. An increase in the portion, 
f,, of checks collected by operating on issuing banks’ deposits at receiv- 
ing banks lowers the multiplier, again irrespective of the nature of 
the compensating change. 

On the other hand, the effect of an increase in the portion, f,, of 
checks collected by a transfer of Federal Reserve funds depends on 
the nature of the compensating change. If f, increases at the cost 
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of f,, then the multiplier increases, and if f, increases at the cost of 
fs, then the multiplier falls. 


APPENDIX III: CORRELATIONS AND REGRESSIONS BEARING 
ON THE MONEY SUPPLY FUNCTION 


TABLE Ic 


SIMPLE AND MULTIPLE CORRELATION COEFFICIENTS RELATED 
TO THE MONEY SUPPLY FUNCTION 











Sample Period and Type of Hypothesis 
Number of 
Observations 1 2 3 4 
2/32-4/37; 23 .98 -92 .98 .998 
2/43-4/45; 11 .998 .99 -998 1.00 
1/46-4/50; 20 .20 .78 .84 -98 
1/51-4/57; 28 71 .98 .98 .99 

















The first column in Table 1c states the simple correlations between 
money stock M and monetary base B. The second column consists of 
simple correlations between M and B+ L’, where L* measures the 
cumulated sum of reserves liberated by changes in average reserve 
requirements. Column 3 presents simple correlations between M and 
B* + L’, where B* designates the monetary base minus excess reserves. 
Column 4 consists of multiple correlation coefficients associated with 
the regression 


M = b, + b,c, + 5,t, + 6,(B* + L’). 


This equation is obtained from equation (14) in the text by deleting 

the component m, which has been shown to be of negligible relevance 

and by identifying the magnitude (w, —y,) with the banks’ excess 
reserves. 

M = demand deposits adjusted plus currency outside banks. The data 
used in the first period are quarterly averages of seasonally ad- 
justed monthly values to be published in a forthcoming book on 
monetary problems by the National Bureau of Economic Research. 
The data for the other periods are quarterly averages of seasonal- 
ly unadjusted monthly values obtained from the Federal Reserve 
Bulletin. 

B= currency in circulation plus member banks’ total reserves. Seasonal- 
ly unadjusted monthly data were obtained for 1/32-4/37 from 
Banking and Monetary Statistics (Board of Governors of the 
Federal Reserve System, Washington, 1943) and for the other 
periods from the Federal Reserve Bulletin, table on ‘‘Member 
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Bank Reserves, Reserve Bank Credit and Related Items.’’ The 
data for the first period were seasonally adjusted by a moving 
average combined with a free hand adjustment. Quarterly 
averages were used in the correlations. 

B* = monetary base minus excess reserves. Again, quarterly averages 
were used. 

L* = liberated reserves. This magnitude has been computed with the 
aid of the following formulas: 

L=Du, 


s=1 


where 


Ub — (rt — rh pEE DES — (rg — ry) et Tee 


rt is the average reserve requirement against demand deposits 
in quarter s; D? are the net demand deposits in quarter s; 7 
designates average reserve requirements against time deposits in 
quarter s, and 7’, are time deposits in the same quarter. 

The table reveals that a simple hypothesis which relates M and B 
alone cannot be expected to perform adequately. Inclusion of L* im- 
proves the hypothesis substantially and introduction of (w, — p,) raises 
the correlation coefficient slightly in two periods. Even so, nearly 30 
percent of the total variation observed in M during the third period 
cannot be explained by the behavior of (B* +L’). The multiple cor- 
relation coefficient suggests that at least one of the magnitudes c¢, or 
t, contributed n:arkedly in the early post war period to the explanation 
of the behavior of money stock. 

The inadequate predictive power of hypotheses which attempt to 
explain the money stock in terms of the monetary base only is also 
revealed by the instability of the resulting multiplier estimates. 
Columns 1 in Table 2c under M' and M? show an extreme variability 
of these estimates. The other columns, associated with extended 
hypotheses acknowledging the operation of ¢,t, and L*, exhibit a 
pattern of substantially more stable multiplier estimates. 

The column under each measure M‘ of the money stock consists of 
estimates obtained with the aid of a regression indicated by the 
appropriate number. 


(Le) M‘ = dy + 4yB, 
(2c) M‘ = dy + 4B + ayk + aut + aur, 
(3c) M‘ = ay + a,(B + L’) + ayk + dye, 
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(4c) M‘ = ay + ay(B* + L’) + ayk + ayt, 

(5c) M‘ =a, +a,(B+ L’) + a,c, + at, , 

(6c) M' = a, + a,(B* + L’) + ag, + ast, , 
4=1,2. 


M’ is the sum of demand deposits adjusted plus currency outside banks. 
M? is equal to M’ plus time deposits of commercial banks. B, B’, 
and L* have already been defined under Table 1c. The definitions of 
r, the banks’ reserve ratio; k, the public’s currency ratio; and t, the 
public’s time deposit ratio are 


_ C+R, 


"het 


Cc? T 

k= D’ t= D’ 
where C°® = currency held by banks (measured by total currency in 
circulation minus currency outside banks); 

C* = currency outside banks; 

D*” = demand deposits adjusted; 

T = time deposits of commercial banks; 

R = member banks’ total reserves. 
Seasonally adjusted monthly data were obtained for 1/32-4/37 from the 
forthcoming study of the National Bureau of Economic Research for 



































TABLE 2c 
MULTIPLIER ESTIMATES 
Sample Period Estimates Associated with 
and Number M: M? 
of Observations* | 
sistsis\ | eer rrereT s 
ey 1-96 | 2.41 | 1.72 | 3.44 | 1.71 | 3.15 | 2.27 | 3.43 | 2.42 | 4.98 
1/32-4/37; 2 (.04)| (188)} (.14)| (.84)} (12) (.05)|(1.28)] (.19) 
1/43-4/57: 69 | 2-90 | 2-28 | 2.62 | 2.57 | 2.80 | 3.03 | 4.52 | 2.81 | 3.26 | 3.20 
(A3-4/57; (.04)| (.05)} (.05)} (.05)} (.10) (:07)| (.09)| (.09) 
oan ane 2.30 | 2.38 | 2.60 | 2.54 | 2.87 | 3.05 | 3.14 | 2.99 | 3.28 | 3.20 
143-445; 12 (.03)| 09] (-07)| (:19)} (26) (.04)| (.12)} (09) 
a aie 41 | 2.33 | 2.32 | 2.39 | 2.31 | 2.85| 001] 3.02 | 3.01 | 3.10 
1/46-4/50; 20 (,09)} (.34)} (.28)} (.34)} (16) (.11)} (.43)| (135) 
& 
vs1-4/s7: 28 | 3-94 | 2-52 | 2.69 | 2.68 | 2.97 | 4.14 | 6.73 | 3.32 | 3.53 | 3.53 
/1-4/57; (209)} (214)} (215)} (15)} (23 (.14)} (.20)| (22) 





























* The first three sample periods for columns 3, 4,5, and 6 under M' and for columns 
3 and 4 under M? are 2/32-4/37, 2/43-4/57, and 2/43-1/46. The sample periods contain 
in these cases 23, 59, and 12 observations. The lower number in each cell is the estimate 
of the standard deviation of the regression coefficient 
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M', M’,C’®,C*, R, D®, and T. For the other periods, seasonally un- 
adjusted monthly data were obtained from the Federal Reserve Bulletin. 
Quarterly averages of monthly data were used in the regressions. 
Estimates of equations 5c and 6c which provide also the multiple 
correlations in Table 1c are based on a preliminary investigation of this 

type of money supply function. Eventually, demand functions for C” 

and T must be appraised and values for ¢, and ¢, derived in this 

manner. In order to obtain a tentative idea about the resulting money 
supply function, values for c, and t, were computed with the aid of 
an arbitrary assignment defined by ¢, = C? — .15M’ and t, = T — .15M’. 

Some important results emerging from this trial and error procedure 

are discussed in the paper mentioned in footnote 3. 

An inspection of the table yields the following results: 

(a) The estimates in column 2 under M' cluster closely together. The 
95 percent confidence intervals of all estimates overlap. The dif- 
ference between the maximal and minimal element is 9.5 percent 
of the maximal element. The same difference under column 1 
(for M*) measures approximately 90 percent of the maximal esti- 
mate. 

(b) The estimates of column 2 under M”’ exceed, as expected, the 
estimates of the corresponding column under M'. The cluster of 
estimates is also looser; the 95 percent confidence intervals do not 
overlap. The difference between maximal and minimal estimate 
is 12.8 percent of the maximal value. he similar difference in 
column 1 (for M’) is approximately 100 percent of the appropriate 
maximal element. 

(c) With the exception of the first sample period columns 3 and 4 
under M’ show a close cluster of estimates in the sense of over- 
lapping confidence intervals. The discrepancy in the period 2/32- 
4/37 suggests that the estimate 1.72 underestimates the multiplier 
value and that 3.44 exaggerates its value. This can be attributed 
to the following circumstance: 

The hypothesis constructed is a hyperplane in 5-dimensional 
space. The regression estimates in column 3 have been derived 
from an equation which neglects (w,—7,). This regression de- 
scribes a hyperplane in 4-dimensional space. In this space, the 
true hypothesis postulated appears as a family of hyperplanes, 
where each hyperplane is characterized by a fixed and distinct 
value of (w, — ¥,). This value contributes to the determination of 
the M-intercept of the 4-dimensional hyperplane expressing our 

full hypothesis. The sample period is characterized by increasing 











108 


(d) 


(e) 
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values for both (w, — ¥,) and (B+ L*’). This means that succes- 
sively higher values of (B + L*) are located on hyperplanes (in 4 
dimensions) with successively lower intercepts. The hyperplane 
thus generated by the observations consequently slants across the 
family of hyperplanes expressing the full hypothesis in a manner 
which lowers its slope with respect to (B+ L*) below the cor- 
responding slope of the family of hyperplanes. 

The regression estimates in column 4 (for M') were derived 
from an equation which adds a component to our hypothesis. Ex- 
cess reserves consist of two viz., (parts, w, — ¥,) and e, the amount 
associated with deposit liabilities. Our hypothesis contains the 
magnitude [B+ L’—(w,—¥,)]. This magnitude is replaced in 
equation 4c by (B* + L’), and the former magnitudes exceed the 
latter by e. This circumstance means that the intercept of equa- 
tion 4c is partly determined by e. The original hypothesis is thus 
again represented by a family of planes in 4-dimensional space, 
where each plane is completely specified by a value of e. Both 
(B* + L*) and e increased over the sample periods. This implies 
that successively larger values of (B + L’) are associated with 
hyperplanes characterized by successively higher M-intercepts. The 
observations thus generate a regression plane which cuts across 
the family of planes and determine a slope in excess of the cor- 
responding slope of the family of planes. This exaggeration of 
the slope will be the greater, the greater the increase in e relative 
to the increase in (B* + L’). 

The results presented in columns 3 and 4 under M’ exhibit the 
same pattern as the corresponding columns under M’. 

Columns 5 and 6 under M’ again repeat the pattern obtained under 
columns 3 and 4. The discrepancy observed in the last sample 
period is particularly intriguing. Over this sample period e and 
(w, — Y,.) were most likely moving in opposite directions: e up and 
(w, — ¥,) down. Such movements, combined with an increase in 
(B + L*) or (B* + L*) over the period, resulted in estimates of the 
slope coefficients which tend to exaggerate its value. This ex- 
aggeration is apparently more pronounced in the case of (B* + L’) 
and poses a puzzle to be investigated as the behavior of excess 
reserves indicates that the changes in (w,— ,) exceeded the 
simultaneous changes in e. 


As for Table 3c, data and sources have already been described. 
Estimation was made by standard least squares methods. The numbers 
below the coefficients are estimates of the standard errors of the 
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TABLE 3c 
SOME REGRESSION ESTIMATES OF THE MONEY SUPPLY FUNCTION* 





1. M!=119.55 + 2.28B — 146.70k — 31.39t — 332.97r 
(.04) (4.75) (5.96) (12.98) 


2. M'= BG + Th ee -S 


(5.72) (5.77) 
3. M! = 31.32+2. SI(B* + L#) — 102.22 — 8.948 
(.05) (5.84) (5.93) 
4. M" = —6.87 + 3.008 + L*) — 2.Ste — .56to 
(.10) (.20) (.14) 





* The regressions presented correspond to Equations 2,3,4, and 6 of Table 2c. In 
each case the estimate is based on 59 observations in the period 2/43-4/57. 


regression coefficients. The difference in the order of magnitude of 
the coefficients associated with k,t, and r on the one hand, and the 
multiplier and the coefficients of c, and t, on the other, has been 
explained in the paper referred so in footnote 3. The ratios k, t, 
and r can be interpreted as indexes of the intended magnitudes ¢,, t, 
and L*. These indexes differ from their intended magnitude approxi- 
mately by the volume of demand deposits adjusted. This scale differ- 
ence is reflected in the coefficient estimates. It should be noted that 
all coefficient estimates have signs consistent with our theoretical ex- 
pectations. Also, for every regression the order of magnitude relation 
of the & and ¢, or ¢, and ¢, coefficients conforms to the theory con- 
structed. 
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PROFIT, OUTPUT AND LIQUIDITY IN THE THEORY 
OF FIXED INVESTMENT* 


By Murray Brownt 


ALTHOUGH MANY investment theories and econometric forms exist 
in the literature, there are essentially two great camps in this area; 
on the one hand, profits as a key explanatory variable and, on the other 
hand, some form of an output variable compete as determinants of 
the level of new investment in plant and equipment. These alter- 
native approaches have existed side by side in the same literature. 
But they exist side by side in the same literature which contains the 
neo-classical theory of the firm. We raise the inevitable question: Does 
the neo-classical theory of the firm generate different theories of invest- 
ment behavior, i.e., can profit- and output-investment theories sprout 
from the same theoretical foundation? This Medusa-type problem is 
compounded when we examine the econometric studies of fixed invest- 
ment. For here various investigators have developed their own 
‘intuitively meaningful’’ estimating forms, usually based in one or the 
other great camps of investment theory. 

Thus, there are two points of focus which merge in the present 
paper: (1) we wish to examine the conditions under which profit- and 
output-investment demand theories are engendered by the neo-classical 
theory of the firm; and (2) we shall spell out some of the conditions 
which underlie certain estimating forms that have appeared in the 
recent econometric literature. From this it may be possible to infer 
which conditions would generate an empirically superior profits- invest- 
ment form and which conditions would make reliance upor the output- 
investment form preferable. It is clear that we are met primarily 
offering a theory of investment, but are trying to spell out the 
theoretical foundations of existing econometric estimating forms. 

In order to accomplish these aims, our analysis assumes the existence 
of a firm in a government-free market (no taxes) which attempts to 
minimize a cost function and/or maximize a profits function (revenue 
minus costs) subject to a production restraint (inter alia).' The entre- 


* Manuscript received July 1, 1959, revised May 26, 1960. 

+ The author would like to thank Professors Lawrence Klein, Michio Morishima, Hans 
Neisser, Adolph Lowe, and Mr. Ronald Bodkin for their valuable suggestions and criti- 
cisms. 

! The assumption of a government-free market can be relaxed within the framework of 
this analysis. See L. Klein [10]. 
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preneur holds static expectations (‘‘tomorrow’s price will be like 
today’s’’) and is free of subjective uncertainty.’ 


1. A BASIC CAPITAL DEMAND FORM 


We shall assume at this point that the entrepreneur of our single- 
product firm behaves in accordance with the principles of cost minimi- 
zation. He is concerned with the following variables: C = total costs, 
X = output of the firm, N = services of labor, K = services of capital 
from the stock of fixed capital, w = the wage rate, q = the price of 
capital services, including interest and depreciation charges. The unit 
cost equation is given by 


C N K 
1 ~ = w  . 
(1) x X +q X 
A constraint on the cost equation is the production function: 
(2) X= f(N, K) where X is fixed. 


Our immediate problem is to determine how much capital is to be used 
in the production process.’ : 

By the method of Lagrange multipliers, the minimization of the unit 
cost function (1) subject to the production constraint (2) yields two 
equations: 


(3a) w—rfy=0, 
(3b) q—Afr=0, 


2 For a discussion of stochastic expectations and the theory of the firm, see L. Hurwicz 
[7]. The present model is a very simple model of the firm. It can only be justified at 
this stage of our knowledge by the analytical results it yields, i.e., the criterion we use to 
evaluate its usefulness is its power in generating various extant investment theories and 
econometric estimating forms which have received attention in the literature. Thus, in 
terms of the problems handled in this paper, the increase in marginal analytical results 
yielded by a more complicated model would be less than the marginal analytical work 
units involved. 

3 There are two slightly different ways of interpreting (1) and (2), both of which 
formally reduce to the same thing. We can think of the entrepreneur as minimizing 
costs in terms of the classical theory of the firm, in which case we can derive the well- 
known ratios of marginal products to factor prices; or we can think of the entrepreneur 
as minimizing costs over the whole planning horizon, in which case it would be neces- 
sary to introduce a discounting procedure. The ratios of marginal products to factor 
prices in the latter case would represent the present value of the expected marginal 
product attributable to each factor. Under perfect competition we should replace each 
price term with prices discounted to the present period. Thus on the formal level there 
is no difference between the two interpretations. (See [6], pp. 325-326.) Furthermore, 
it can be shown that there is no need to assume perfect competition in this minimization 
process. If monopoly elements were to be considered, a new factor would be introduced 
—the elasticity of supply, (see [10], pp. 103-104)—but no new variables, 
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where 2 is a Lagrange multiplier, and f, represents the partial of (2) 
with respect to N, ete. These, together with the production function 
(2), determine the demand equations of labor and capital—i.e., we ob- 
tain optimal values for the decision variables, which, for capital demand 
is* 

(4) K= K(2 ; x) 


Since (2) is a constraint on all output, (4) should hold for all X. There- 
fore, 


(5) k=K(2,X). 


Note that if the production function were homogeneous of degree one 
the capital demand equation would be: 
(5’) K= xk(*) 
q 
where the multiplier of X is a function of w/q alone. 
It is possible to derive an optimal capital demand relation from the 


neo-classical theory of the firm which is similar to (3) under extended 
maximization conditions. Thus consider the familiar profit identity: 


(6) z= pX—(wN+qK), 
where p is the price of output. Given a production constraint 
(7) X= f(N, K), 


then (6) can be maximized subject to (7) in two steps, a minimization 
of costs with respect to N and K, provided output is given, and a 
supplementary maximization of profits with respect to output. (See 
[16], p. 88.) The cost minimization yields the capital demand relation 


(5) K=K(%,X), 
q 

while we obtain 

(8) x=x(2,%) 
q’q 


* The second order condition for the solution of (2), (3a) and (3b) can be derived in 
the usual way. The economic interpretation of sufficient conditions among the general 
conditions are: (a) the marginal productivity of the factors of production must be posi- 
tive; (b) the marginal productivity of the factors must be decreasing; and (c) the marginal 
productivity of capital must increase, cet. par., with an addition to the input of labor 
services. 

5 See [16], pp. 57-69. 
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by the maximization of profits. Combining (5) and (8) yields 


(9) k=x|",x(2,*)]. 
q 7. @" 

Thus, with full maximization, the capital demand equation relates the 
services of the capital stock to the ratios of product and factor prices. 
If the ratio w/q is constant, capital demand depends on output, which 
may vary as p/q changes; if in addition p/q is kept constant, then, 
clearly, K remains at a given level. It should be noted that the 
maximization of profit subject to a production constraint, homogeneous 
of degree one, does not lead to a finite, unique optimum output. 


2. OUTPUT-INVESTMENT THEORIES 


If we denote K_, as the capital stock in the previous period and J 
as net investment, the identity K = K_,+ TJ is obtained which, by 
substitution into (5) and (9), yields 


(10) I= K(2 , x) - Ku, 
and 
(11) [= x2 x(2 *)| ye 


If the price ratio w/q is held constant in (10), the following invest- 
ment demand form can be derived: 


(12) I= K(@, X) — K_,, 


where @ is a constant. If all prices are held constant in (11), K isa 
constant, so we shall treat only equation (12). !t is to be noticed that 
(12) represents a genus of investment functions that has appeared in 
theoretical and empirical studies. R. Eckaus [4] calls (12) the ‘‘velocity 
principle.’” R. Goodwin [5] considers (12) in terms of an aggregate 
business cycle model. H. Chenery [2] and P. Clark [3] use a slight 
variation of (12) in predicting investment demand in the steel and tele- 
phone industries, respectively. However, P. Clark rejects the assump- 
tion of static expectations which is implicit in (12) and attempts to 
determine the time profile of entrepreneurial expectations. Finally, F. 
Modigliani [13] further refines the investment theory which is based on 
(12) by including the investment planning period explicitly. Before pro- 
ceeding we should point out that the use of (12) or some variant thereof 
as an estimating form implicitly assumes the constancy of w/g and cost 
minimization. 
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It is very simple to derive the ‘‘naive’’ accelerator, i.e., investment 
depending on a fixed proportion of the change in output, from (12). 
We may start with (5) and the identity J-= K — K_,; then 


w w- 
(14) I= K(2 ,X)- k( 2s, , Xx). 
If the production function is homogeneous, we have 
w_ 
(15) I= xi(2) — Xk (4 =). 


Clearly, the exponents of the naive accelerator hypothesis assume that 
wiq = w_,/q-.." 

The two principal assumptions underlying (15) are that the production 
function is homogeneous and that w/q remains constant in spite of 
changes in output. But, with a homogeneous production function, 
prices can remain constant while output changes. Professor Morishima 
has reminded us that the theory of balanced growth shows that out- 
puts can grow or decay in balance with constant prices. Thus, the 
original acceleration theorists could justify (in terms of the theory of 
the firm) their basic proposition that a change in output would bring 
forth a change in decisions concerning the plant size.’ It is clear then 
that the fundamental assumption is the homogeneity of the production 
function. If the production constraint were non-homogeneous, then 
the inclusion of the output variable in the investment demand equation 
would be inconsistent with the assumption of constancy of all prices, 
but consistent with the assumption of the constancy of w/q only. 

Yet, in the actual estimation process, an estimating form based on 
the assumption of homogeneity would yield unstable parameters; for, 
by linearizing a neo-classical production function, estimates made during 
periods when firms were operating at increasing returns would obvious- 
ly differ from estimates made during periods when firms were operating 
at increasing costs, or at decreasing returns. This may be one source 
of instability in parameter estimates using a continuous panel of data. 


* Hurwicz [7], p. 131, and Klein [10], pp. 114-115, also derive an accelerator; Klein 
derives the naive accelerator by using a production function of the type X = AN®KB, 
where A, a and § are parameters. This, of course, coincides with the present derivation 
except for the assumption of the constancy of prices (and static expectations) which is 
indicated by our analysis. These authors did not, however, assume a + § = 1, i.e., homo- 
geneity of degree one. This result could also be derived from a model of the firm which 
assumes fixed production coefficients. 

7 For a statement of this problem, see H. Neisser [14], pp. 254-255. Also, H. Rose [15] 
demonstrates that the naive accelerator may be justified provided that a short run out- 
put plan—output depending on product prices, factor prices, inter alia—is represented. 
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3. PROFIT-INVESTMENT THEORIES 


The second great camp of investment theories involves investment 
demand as some function of profits. It is possible to derive these 
estimating forms from the theory of the firm in at least two ways. 

1. Consider the factor demand relations: 


(5) K = K(w/q, X) 
and 
(17) N= N(w/q, X), 


obtainable by the partial maximization procedure—i.e., by minimizing 
the unit cost function subject to a production constraint. Alternatively, 
we could begin with K = Xk(w/q) and N = Xn(w/q), which are obtained 
by a cost minimization procedure but which assume a homogeneous 
production constraint. 

Combining (5) and (17) with the profit identity (6), we have 


} on x(1 _ w N(wiq, X)_ q K(w/q, »)). 
p xX p x 


Let the marginal profit be defined as 
Q=1-— 2h, — Lh,, 
Pp Pp 


where hy, is the partial derivative of l¥{w/q, X) with respect to X and 
h, is that of K(w/q, X). It is seen that if @ +0, X can be written 
as X = f(w/q, p/q, z/p). Hence it follows from ‘10) that 


(10’) 1=K(%,2,2)-k.. 

. = 
The mechanism permitting us to derive the profit investment form 
is the profit identity; yet this function is undefined at Q = 0. 

2. It is possible to derive the profit-investment form in a second 
way—one which is in concordance with statements expressed by certain 
econometricians who use the profits form in estimating investment 
demand. Let us assume as before that the entrepreneur maximizes 
a profit function or minimizes a cost function subject to a production 
constraint. But now suppose that the entrepreneur is required to 
consider alternative means of financing a prospective investment project. 
He is confronted with two alternatives (not mutually exclusive): He 
can draw upon his savings—i.e., retained earnings plus depreciation— 
or he can go “‘outside’’ his firm—increase his share capital, long term 
debt, etc. His savings position may be expressed as 
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(18) L = V(z_,, ***, %-,2) + D 

where wW(z_,,°**, Z-;,%) represents his retained earnings from — m 
periods to the present and D is the depreciation component, which for 
simplicity we shall consider given. If Dis somewhat constant through 
time, then current profits account for the variability in L. 


(19) L = V(7%_., °°*, 7-57) + De v"(L*,z) , 

where L* = (z_,,, +++, Z_,) and y* includes a constant, D. We can 
denote the ‘‘outside’’ sources of financing his project by y. The entre- 
preneur’s investment funds schedule is 

(20) I = pf{y*(L*, z), y} . 

What weight will the entrepreneur place on these alternatives? 
Here, Kaiecki’s theory of ‘‘increasing risk,’’ [8], pp. 91-108, suggests 
that: 

The expansion of the firm depends on its accumulation of capital 
out of current profits. This will enable the firm to undertake new 
investment without encountering the obstacles of the limited capital 
market or ‘“‘increasing risk”’ (i.e., the extent to which the firm risks 
loss of control either by too great a spread of share capital or by 
too large an assumption of long time debt). Not oniy can savings 
out of current profits be directly invested in the business, but this 
increase in the firm’s capital will make it possible to contract new 
loans. 


The default risk decreases as profits increase, and even if the amount 
of profits does not change, a decrease in the rate of profits will in- 
crease the default risk. Therefore, the willingness and/or ability to 
finance outside the firm may be written as 


(21) y= (z, =) L 





where P, is the price of capital goods. By substitution we have 


[= F(L*, pd. LE ) : 
Unless investment funds are obtainable, movements in the variables 
(as determined by the maximization process) which generate the de- 
cisions concerning the size of the firm would be abortive. Hence we 
are asked to maximize the profit identity, subject to (7) and 


* The following objection is applicable to (21): the ability to attract external funds in 
period ¢ is partially a function of the accumulation of past debt as well as present prof- 
its, i.e., the larger the past debt in relation to past earnings, the greater is the present 
“default risk."" Thus 21> is deficient in that it does not explicitly identify the role of 
past debt. 
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(22) PIsIT= F(L*, zx, pe ). 
pA; 


In order to obtain the optimal decision values for X, N, and K, we 
introduce Lagrange multipliers \, and », and maximize 


pX — wN — qK — X[X — f(N, K)] 





te nf PAK — K.,) — F(L*, pX — wN — qk, 2% Se = qk ) 


If \, + 0 at the optimal point, the constraint (22) holds with strict 
equality, so that from (22) we immediately obtain 


(28) ie EPL zx, Br) 





where z° stands for the maximal profit. But if \, = 0 at the optimal 
point, (22) holds with inequality, i.e., (22) is not an effective constraint, 
so that the investment function (11) still holds true. 

Similar results are obtained, even if we start from cost minimization. 
If \, # 0 at the point where the unit cost is minimal, we get 


1 * 4 

(24) I= pt .t, ex) 
Moreover, if the production function were homogeneous, (24) would 
hold. If \,=0 at that point, a relation similar to (10’) holds true, 
i.e., the investment function is not affected by the inclusion of the 
credit restraint. 

Let us suppose that F’ is homogeneous of degree one in L*,z, and 
P,K-_,. Then (23) and (24) can be written 





(25) 1=G=,2,K.,2), 
(25’) 1=6(=, =, K.,2). 


If we neglect the effects of L*/p and p/P, on I, we obtain from (25) 
and (25’) the following investment functions: 


(26) I= (= Ku), 


(26) I= o( = ,K4). 


respectively. These functions involve two key explanatory variables 
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used linearly by J. Tinbergen [17], L. Klein [11] and M. Kalecki [8].* 


4. SUMMARY 


We may bring the basic capital demand forms and certain of their 
assumptions together in Table 1. 

Within cell II, the capital demand form (9) is more general (i.e., 
requires less restrictive assumptions) than (23), which, in turn, is more 
general than (26). Equations (5’) and (15) in cell III are on the same 
level of generality; since (24) requires no restriction on the production 
function but does require \, + 0, it is difficult to say whether it is 
more or less general than (5’). 

In cell IV the most general capital demand equation is (5), since it 
does not assume constancy of product price. The next least restric- 
tive form is (10’), which does not assume price constancy but does 
require that marginal profits do not vanish. Approximately on the 
same level of generality as (5) and (10’) is (24), which requires that 
that », #0, i.e., that the liquidity constraint ‘‘swamps’’ the impact 
of other variables. Next in the order of generality would come (12), 
since factor prices are assumed constant. Finally, (26’) is the most 
restrictive form in cell IV because it assume \, + 0 as well as con- 
stancy of p/P, and of beginning-of-period liquidity. 

*In one of Kalecki’s special cases ({8], p. 100) of his general investment demand 
equation, the profits variable appears in the form of a change in profits: 


(27) I=0( 4 = /at) +4. 
Pp 


where ¢ is a time period, and b and d are parameters. If we assume that 9(x/p, K-)) 
is of the form g*(x/p)—K-,, then we can easily derive 


J=ge( =\— 92 = 
o*( >) : Ga 
from (26) or (26’). Furthermore, if g* is linear, we have 


(28) I=0( = 2 we (b=constant) 
Pp P-i 

which is similar to (27) and can be called the “profits accelerator.” If g* is nonlinear, 

then we cannot write the profit accelerator in its simple form (28); by the theorem of 

mean value, we would write 


(29) = (F ~p-) (¥) 
Pp Pp-1 Pp : 


where (z/p) lies between x/p and x-,/p-1, and g’ is the first derivative of the function g* 
Of course, the more general “profits accelerator”’ is (29). 

We may add an empirical note. Although Kalecki found the profits change variable to 
be significant in his time series investment data, Brown and Roseman [1] found that the 
simple profits accelerator (28) had no empirical support in their SEC-OBE cross section data 
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TABLE 1 
Homogeneous Production Non-homogeneous Production 
Function Function 
I Ul 
(6) I= (= K.1), 
Profit Conditions do not exist for an no 
Maximization optimum. (3) I= af (z+. *, Pik- ae) 
9) K=K = =. h4in 
(9) f. x( q@q )] 
tl 
1 T w 
— = * a. a 2a 
@) I=p-F( Lx, pe), | (5) K=K(,x), 
(12) I= K(4é,X)—- 
Unit Cost e — xy-( mt © 
Minimization () k= xi q ), (24) ~ Py F(L*,, ’ Pe x KES): 
w s 
10’ 2 f,+)-Ku, 
(10’) ie .°¢ =) 1 
aa Te w-1 n Md 
(15) I= x=) X-k( 2). (26?) ==, K- :). 











5. PROFITS VERSUS OUTPUT: SOME COMMENTS ON THE CONTROVERSY 


If we ignore the investment funds constraint for the moment, it is 
clear that an output-investment form can be transformed into a profits 
investment form via the profit identity (revenue minus costs), but 
since the profit form requires that the marginal profit does not vanish, 
the output form is more general. 

When we include the liquidity constraint in our analysis additional 
differences arise in the relative effectiveness of the profits and output 
investment forms. If the liquidity constraint is operative, then a 
profits form is applicable. Therefore, we can propose three classes of 
reasons for discrepancies between profits and output forms. 

The first recognizes that the relative effectiveness of the two forms 
may depend on the existence of marginal profit. 

The second involves the investment funds constraint; if this is im- 
portant in the maximization process, the profit form is more reliable 
as a predictor of investment activity. 

The third class of reasons for the discrepancy involves the presence 
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of rigidities which prohibit the full influence of a profit or output 
variable to be felt on investment. 

An unusually fine example of the effects of ‘‘rigidities’’ on invest- 
ment decisions is pointed up in a recent econometric study by A. 
Kisselgoff and F. Modigliani [9] of private investment in the electric 
power industry. Here, the institutional setting is decisive: While 
returns are regulated, the utilities are obligated to meet expanded 
demand; thus a ‘‘pressure on capacity variable’’—or a form of output 
variable—is warranted. Since our model is an equilibrium model, we 
can infer that the institutional rigidities prevented the free working 
of the profit variable in the determination of investment in this 
industry. 

It may be argued that this inference is neither necessary nor suf- 
ficient to account for discrepancies between the results of output and 
profits investment theories for industry in general, that, alternatively, 
the profit variable is inferior ‘superior) to an output variable as a 
‘‘proxy’’ for anticipated returns. Of course, this expectational argu- 
ment would require empirical support that would be difficult to obtain. 
Our hypothesis offers an explanation of the discrepancies between the 
results of output and profits investment theories, which is perhaps 
more amenable to empirical confrontation. 


6. AN ECONOMETRIC CONSIDERATION 


There are, of course, additional ways of deriving the investment 
forms discussed above, even if we ignore the ‘‘intuitive’’ or implicit 
theoretical methods used by some investigators. One important con- 
sideration involves statistical criteria in choosing estimating forms. 
If, for example, we were to focus on macro-relations using firm theory 
as an analog of the whole economy, then there is no ‘‘ultimate’’ 
reduced form and consequently no truly independent variables. In 
this case, statistical criteria are required to choose the variables and 
form of the investment demand relation. (See [12], pp. 18-21, for a 
discussion of this point.) The choice of the structural equation wou!d 
depend on the probability characteristics of each equation and primarily 
on the stability of the parameters. This criterion may conflict with 
the theoretical criteria used above. 


University of Pennsylvania, U.S.A. 
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ON THE FORMATION OF PRICES* 
By TAKASHI NEGISHr 


1. INTRODUCTION 


IN THE THEORIES of the formation of prices under competition it is 
usually assumed that no exchange transaction will be undertaken 
until a system of prices is reached which secures equilibrium in all 
parts of the market. The use of tickets in tatonnement (Walras [8], 
p. 37) or the possibility of recontract (Edgeworth [2], pp. 311-314) is 
introduced for this purpose. Because of this assumption, the equilib- 
rium becomes determinate in the sense that the process of adjustment 
does not alter the conditions of equilibrium (Kaldor [4], pp. 123-127). 

In the absence of this assumption, the equilibrium is generally in- 
determinate and depends on the route followed by prices before the 
equilibrium is reached. The indeterminateness of the equilibrium 
arises through redistributions of incomes among individuals due to 
changes of prices in the midst of trading (Hicks [3], pp. 127-129). In 
this note we shall discuss the stability of the indeterminate equilibrium. 
We shall first show the stability under the assumption of gross substi- 
tutability. Second, we shall treat a case in which a social utility 
function exists. Because we cannot specify the equilibrium prices 
beforehand, the discussion of the stability is necessarily a global one. 


2. CONSTRUCTION OF THE MODEL 


Let us denote 
P, = price of the j-th commodity, j=1,+++,m; 
I, = income of the i-th individual, i=1,-++,n; 


X,, = holding of the j-th commodity by the i-th individual; 
X, = total amount of the j-th commodity, constant; 

X,, = demand for the j-th commodity by the i-th individual; 
X, = total demand for the j-th commodity; 

U, = utility of the i-th individual; 

P =price vector composed of P,, 7 =1, +++, m; 

X =a matrix composed of X,,,i=1,--+,n,j =1, +++, m. 


Let us define, 

* Manuscript received May 3, 1960, revised August 15, 1960. 

1 The author is greatly indebted to Professors K. J. Arrow, F. H. Hahn and H. Uzawa 
for their valuable suggestions. This work was supported by the Office of Naval Research 
under Task NR-047-004 at Stanford University. 


122 





FORMATION OF PRICES 128 


DEFINITION 1. The demand for the j-th commodity by the i-th in- 
dividual, X,,(P,,+++,P,,1,) is a solution of maximizing U,(Xq, +++, Xim) 
subject to >>, P,X,, = +, P,X,, = I. 


DEFINITION 2. The condition of equilibrium is 
ZAP, ¢°*, Pa, fy, °°, I) => Xi, = 2 on 4 ae forj=1,+++,m. 


™a Definition 2 we presuppose that the equilibrium prices are all 
positive. We assume, 


ASSUMPTION 1. By exchange transaction, holding of a commodity 
becomes a certain continuous differentiable function of time 
X,,[t; P(0), X(0)] such that >>, X,,(t) = X,, SO, P(dX,,/dt) = 0; it is 
continuous with respect to initial conditions, P,(0), X,,(0), for all 
1,93." 

Assumption 1, which implies no credit transactions, assures a posi- 
tive income for individuals provided that prices and initial holdings 
are positive. The equilibrium defined in Definition 2 becomes indeter- 
minate and depends on X,,(t), except for the case of X,, constant 
through time, which implies the usual assumption that no transaction 
is undertaken until equilibrium is reached. 


ASSUMPTION 2. The dynamic path of prices is determined by P,= 
X, — X;,j =1, +++, m, subject to Walras’ identity -~, P(X, — X,) =0, 
which is deduced from >, P,X,, = >, P,X,, in Definition1. As the 
solution of this dynamic system, prices are continuous functions of 
time P,[t ; P(0), X(0)], such that P(t) => &,>0 for all j and are con- 
tinuous with respect to initial conditions, P,(0), X,,(0), for all i, j.* 


3. STABILITY AND GROSS SUBSTITUTABILITY 


In this section we assume 
ASSUMPTION 3. All the commodities are strict gross-substitutes, 
such that 


+35, OX, Ol, 


O,j#k. 
a, OP. °'?* 


* It may be considered that X;,;(t) is generated from 
| = Fis Pi, +++, Pa, Xu, coe, } Xu, eee, } ° 
* This can be assured by assuming that there are positive numbers 7,, d,, ¢s, (72> de, 
s=1,---.m) such that P; < 3), Pe > e,(k #7), Nae P? S Tor, implies X, — X; 2ey>0 
for any distribution of X;;, and PO) 2 ry for all j. 
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We are now in a position to state 


THEOREM 1. Under Assumptions 1-3, the process P, = X, — X,, 
j=1,+++,m, is stable in the sense that the excess demands of all 
commodities X, — X,,j =1, +++, m, converge to zero. 


Proor: Let us construct a characteristic function as follows: 
V(t) = Doses* Pt Xt) — XJ, where J*(t) = {7 | X(t) — X, > 0, or 
X,(t) — X, = 0, X(t) > 0}. By the Walrasian identity, we have V(t) = 
pein A-PWOIXO - ZB. where J-(t) = {j| X(t) — X,<0, or 
X(t) — X, = 0, X(t) < 0}. 

This function was first used by Allais [1], Vol. 2, pp. 486-489, and 
then studied extensively by McKenzie [5]. 

For sufficiently small h > 0, we have 


Vit + h) = Dyes+@ Plt + A X(t + h) — X,] 
+ Dye Pt + hy Xt + hy — Xj), 


where J is a suitable subset of J°(t) = {7 | X,(t) — = 0, X(t) = = 0}. 
We wish to show that 


W(t) =lim Li vit +h)— vit) | = lim a{ve +h) — vin} so 
h—-0 h { eked h, 
where {h,} is a sequence such that h,—0 as v—-o, and equality 
holds only at equilibrium. 
Because the number of commodities, m, is finite, we can take a 
suitable subsequence of h, and find 
1 {vit +h) — Vio}= > AP(X, =a + {P(X, — X,)} 


re jerrit €/ dt 








for a certain Jc J%t). 
From the definition of J%t), }>,«,d[P,X,]/dt = 0, we have W(t) = 
De A[P,X,]/dt. From the definition of X, we have 


UPX) _ PX) 5 . PX] OL p 
2 dt ee oP, Jd wee al, oP, 


+DDD Teel yt. 


The last term of the right hand side of the above equation can be 
written as 





uy ALAS PR AY 


« Jez? 
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which vanishes because of Assumption 1, while by the use of the 
Walrasian identity the other terms can be expressed as 


ae aP,X,] o[P,X,] al, 
O -: 0 leg OP, ue > ir am ol, oP, se}? 


o[P;X,] OP,X,] Al, oh | p 
+ ELE, oP, an ae at, oP.) °°” 
which is negative, from Assumption 3, for 7 +k in each term. At 
equilibrium, J~ and J~ become null sets and we have V=0, W=0. 
The domain of P(t) is bounded because we have d(}J), P3)/dt = 
255, P,P;=0. The domain of X(t) is also bounded. Since V(t) is 
bounded > low by 0, the fact that V(t) decreases implies the existence 
of lim... Vit)= V*. Let P*,X% be a limit of P,(t), X,,(t) as 
t— o,i.e., P* =lim,_.P,[t,.; P(0), X(0)], X4 =lim,-_.. XY, [t,; P(0), X(0)], 
where t, ~ © as k-—-co. Then we have V*(t)= V*(t;P*, X*]= 
lim ,.. V[t ; P(t,), X(t,)] = lim... V[t + t, ; P(0), X(0)] = V*, from the 
continuity of P,, X,,, and V. Hence, W(t)=0 at P*, X*. We can, 
therefore, conclude that X, — X,—-0 as to. See Uzawa [6]. 


4. STABILITY AND SOCIAL UTILITY 
In this section we make the following assumptions: 


ASSUMPTION 4. The utility function U,(X,, +++, Xim) is strictly 
quasi-concave and homogeneous with respect to all variables. 


ASSUMPTION 5. Utility functions of all individuals are the same, 
e., UO, 2 0,4 = 1, oo°,n 


Then we have: 


THEOREM 2. Under Assumptions 4 and 5 total demand for the 
j-th commodity X, is the solution of maximizing U(X,, +++, X,), sub- 
ject to }>, P,X, = D>, P,X,, and the equilibrium prices are determinate 
and unique. 


Proor: By definition X, = }>, X,,. From Definition 1 and Assump- 
tion 4, X,, = A,,(P,. «++, Pn) >, P,X,,, and from Assumption 5, X,, = 
AAP,, 8ae, } eS a | gt am Since ass SF = X;, 

X; = yn Mas = A,(P,, adindind FP.) >» P,X, , 
which is the solution of maximizing U(X,, ---, X,,) subject to }>,P,X, = 
>_, P,X, from Assumptions 4 and 5 

Total demand ,(P) is independent of the distribution of incomes 

among individuals. The equilibrium price vector P such that 
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X/P,, «++, B) = X, in Definition 2 is determinate and independent of 
the dynamic path of P(t), X(t), although the X,,’s are still indetermi- 
nate and depend on the route followed by P(t), X(t). As a result 
of strict quasi-concavity, equilibrium prices are unique. 

We state now: 


THEOREM 3. Under Assumptions 1, 2, 4 and 5, the expression 
P, = X, — X,, j =1, +++, m, is stable in the sense that prices converge 
to the equilibrium prices.‘ 


Proor: By differentiating Walras’ identity, }), Py(X, — X,) + 
>, P,X,=0, and from P, = X,—X,, we have }>,P,X,<0, with 
equality holding only at equilibrium. If we set U0 (t) = U{X,(t), ---, X,,(t)} 
and differentiate U with respect to t, we have from Theorem 2 
dU/dt = DX, (@U /aX,)X, = »,P,X, < 0, where is a positive func- 
tion of t. See Allais [1], Vol. 1, p. 26. Because U(t) is decreasing 
and bounded below, and P(t) is bounded, we can show prices converge 
to the unique equilibrium. See Uzawa [6], [7]. 


Stanford University, U.S.A., and 
Tokyo University, Japan. 
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PRODUCTION FUNCTIONS WITH 
RESTRICTED INPUT SHARES* 


By P. K. NEWMAN AND R.C. Reap 


IT IS COMMON in many economic models to impose restrictions on 
relative input shares. One such restriction is to suppose that the 
relative input shares are constant, and it is known that the production 
function must then be of a generalized Cobb-Douglas type. A proof of 
this will be given here’. In this paper we consider some general and 
rather less stringent restrictions on the input shares and show that 
certain other functions, not of a generalized Cobb-Douglas type, are 
then possible as production functions. 

The inputs will be denoted by z,y,z,-++ and the relative input 
shares by a, b,c, +--+ respectively, these being, in general, functions of 
the inputs. We shall consider separately the two following sets of 
restrictions: 

1. The relative share of an input remains invariant with changes 
in that input itself, the other inputs being held constant. 

2. The relative share of one input remains invariant with changes 
in another input, the remaining inputs being held constant. 

We shall deal with each case in turn. 


1. INVARIANCE WITH RESPECT TO THE SAME INPUT 


We first consider a production function F(zx,y) with only two 
inputs. Then, if factors are rewarded according to their marginal 
products, the relative shares of x and y, denoted by a(z, y) and O(z, y), 
are defined by 





fe: a(z, y) = ae 
b(z, y) = ue, 


where F,, F, are the partial derivatives of F with respect to x and y 


respectively. 
It turns out that the computations we shall need to make are easier 


* Manuscript received June 1, 1959, revised June 22, 1960. 

1 See also the discussion between W. P. Hogan and R. M. Solow, Review of Economics 
and Statistics, Vol. XL (1958), pp. 407-413, for a proof under the restriction of constant 
returns to scale. 
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if we deal with the logarithms of F, 2, and y instead of these quanti- 
ties themselves. Accordingly, we put 


&=lgz, 
(2) n= logy, 
p=logF, 


and the equations (1) take the simple forms 


dp 
14} a(x, y) = ae’ 
d(x, = op | 

(x, y) ; 


Our restrictions in this section imply that a(x, y) depends only on y, 
and b(z, y) depends only on x. Hence, by (3), @p/0E is a function of 
7 alone, and 09/07 is a function of & alone. 

Let us write 


(4) oe = an), 
ap 

5 —_— = e 

(5) an A(E) 


Integrating (4), we obtain 
(6) Pp = a(n—e + Aly), 
where A(7) is a function of 7, as yet arbitrary. 
From (6) and (5), we obtain 
a’(nge + A'(n) = BE), 
from which it follows that a’(7) and A’(7) are constants, so that a(7) 
and A(7) are linear expressions in 7. If we put 


‘ 


(7) a(y)=a+nr), 

(8) A(y) =k + by, 

where k, a,b, are constants, we see that 

(9) P(E, 7) = k + a& + by + NEN. 

In the original variables, we have 

(10) F(z, y) = Kx*y’ exp {(log x) (log y)} , 


where K = e* is a constant. 
Thus, as might have been expected, our less stringent restrictions 
have led us to a more general production function, of which the 
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Cobb-Douglas function is a special case (\ = 0). 

It is of interest to examine the values of x and y for which the 
function (10) enjoys some of the properties usually required of pro- 
duction functions, viz. that F, and F, are positive, that F,, and F,, 
are negative, and that the curves, F(x, y) = constant, are concave. 

Now, 


oF = a(7) =a + 7 


by (1), (8), (4) and (7). Hence 


(11) F,= BASEL p, 


and 
F,, = &trleey yp _ at+rlogy p 
(12) x x 
F.. = ta +rlogy)(a+rlogy—1)F. 
Zz . 
Since F’, x, and y are positive, we see from (11) that F, > 0 if, and 
only if, a+2Xlogy>0; and from (12) that F,, <0 if, and only if, 


a+nrlogy <1. 
Hence, we must have 


(13) 0<a+rlogy <1. 
Similarly, we must have 
(14) 0<6b+rlogz<l 


for F, >0 and F,, < 0. 
The condition for the concavity of the curves F(z, y) = constant is’ 


2F_,F,F, — FiF,, — FiF,,>0. 
Writing, as before, a=a+rlogy, 8 =b+rlogz, and observing that 


F,, = (a8 +»F, 
zy 


we see that this condition becomes 


2 s @& BB-Im_ & aa-l)p 
ae t eer - r 7 -" F°’>0, 


2 See e.g. P. A. Samuelson, Foundations of Economic Analysis (Cambridge: Harvard 
University Press, 1947), p. 62. 
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which reduces to 
(15) WA+at+B>d. 


If » is positive, (15) is satisfied, since a and # are positive. 
Hence, if » is positive, the stated properties all hold inside the 
rectangle 





exp(=") <x <exp(+=*), 
exp(—*) <y < exp(+—*). 
If » is negative, then (18) and (14) give 
wo(2=4) <2<wo(<!), 
exp(+—*) <y<exp(—*). 


From (15) we must have 


(2+logz+logyrA>-—a-—bd, 


(16) 











(17) 





i.e. 
2+ loge +logy<—S+?, since <0, 
or 
_ a+b _ 
(18) ry < exp ( . 2) . 


Since the right-hand side of (18) is less than the greatest value, 
exp (—(a + b)/d), of xy in the rectangle, it follows that (18) is a fur- 
ther restriction on the values of x and y for which the curves F(z, y) = 
constant are concave. 

It is easily verified that if » < —1, the right-hand side of (18) is 
less than the least value of zy over the rectangle, and the curves, 
F(x, y) = constant, are not concave for any values of x and y. 

The function F gives constant returns to scale only in the original 
Cobb-Douglas case, where X= 0 and a+5b=1. Otherwise F’ may 
give increasing or decreasing returns to scale depending on the values 
of the three parameters a,b, and X. 

Generalization of the above result to more than two inputs is 
straightforward. For three inputs it can be shown that we must have 
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(19) P(E, 7,6) =k + af + bn + cf 
+ r>E + UE + vEN + pent, 


where k,a,b,c,, 4, », 0 are constants, and ¢=logz. The charac- 
teristic property of @ is thus that it is linear in each of the variables 
g, y, cs wield 


In the original variables, (19) becomes 


(20) F(a, y, 2) = Kz*y’z’ exp {log y) (log z) + “(log z) (log x) 
+ v(log x) (log y) + p(log x) (log y) (log z)} . 


2. INVARIANCE WITH RESPECT TO ANOTHER INPUT 


We now consider the second set of restrictions, viz. that the relative 
share of one input remains invariant with changes in another input, 
the remaining inputs being held constant. 

We shall take the case of a three-input production function F(z, y, z) 
and examine first the effect of the restriction that x’s share, a(z, y, z), 
defined by xF,/F’, remains invariant with changes in y alone, i.e. that 
a(x, y, 2) is, in fact, a function of x and z only. 

The equation analogous to (4) then becomes 


eR a, 
bE a€, f) ’ 


whence 


Q= [ae, fjdé + x(n, f) , 
(21) @ = JAE, £) + «7, £) ; 


i.e. P is the sum of two functions, one independent of 7, the other 
independent of & In the original variables we have 


F(z, y, z) = M(z, z)K(y,2z). 


In words, the production function must factorize into a pair of 
functions neither of which involves both x and y—a conclusion that is 
more or less intuitively obvious. It follows also that no variation in 
x can alter y’s share bd. 

In like manner, the condition that a(z, y, z) remains invariant with 
changes in z is that 
(22) P = OE, 7) + (7,6). 


Hence, if both restrictions apply, we have from (21) and (22) that 
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(23) ME, 5) = P(E, 7) + (7, 5) — w(7, £), 


for all &, 7, ¢. 
Putting 7 = 0, we have 


ME, f) = Pé, 0) + [(0, f) r+ «(0, f)] , 


for all &,£; ie. u(E, £) is the sum of a function of & alone and a 
function of £¢ alone. 

Hence, from (21), @ is the sum of a function (€) of & alone, and 
a function of 7 and ¢. 

Thus the result of applying the restriction that x’s share is invariant 
with variations in each of the other variables separately is that the 
terms in ? which involve & ‘‘split off’’ as a function of & alone. If 
we therefore apply also the same restrictions to the shares of y and 
z, the function must split up into the sum of three functions, one in 
each of the variables, viz. 


(24) Pp = OE) + o(y) + Y(£). 
"3 the original variables (24) becomes 
(25) F(z, y, 2) = R(x)S(y)T(z) , 


i.e. the production function is completely ‘‘factorable’”’ into a product 
of functions of each variable alone.’ 


38. SUMMARY 


Under our first set of restrictions the production function turns out 
to be the function Kz*y’ exp {log x) (log y)}, which does not seem to 
have appeared in the literature before. The generalized Cobb-Douglas 
function is a special case of this when \ = 0; if, further, a+6b=1 
we have the original Cobb-Douglas function. 

Under our second set of restrictions the production function may 
be any product of functions in each of the variables separately. The 
function given above is not of this form unless ) = 0; hence we may 
deduce that if a,b,c-+++ are absolute constants, the production func- 
tion must be of generalized Cobb-Douglas type. We note, however, 
that this is as easily proved, ab initio, by direct integration of equa- 
tion (1) with a as a constant, and so on. 

In conclusion we mention an interesting interpretation of dn industry 


* The internal structure of such factorable functions has been examined in some detail 
by W. Leontief, Econometrica, Vol. 15 (1947), pp. 361-373. Such functions are obviously 
relevant to the construction of aggregate production functions from the underlying micro- 
functions. See R. W. Shephard, Cost and Production Functions (Princeton: Princeton 
University Press), 1953, chapter 9. 
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Cobb-Douglas function given by Houthakker*‘. If the constituent firms 
of the industry have linear production functions, and the technical 
coefficients form a joint probability distribution of the Pareto type, 
then the aggregate industry production function will be of the gener- 
alized Cobb-Douglas type. This seems a promising micro-economic line 
of attack on the problem of constant input shares’. 


University College of the West Indies, Jamaica 


¢H. S. Houthakker, Review of Economic Studies, Vol. XXIII (1955-56), pp. 27-31. 

$ It is also probably a more promising line of attack on the problem of constructing 
and interpreting aggregate functions than the deterministic approach mentioned in the 
third footnote of this paper. 
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